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LINE COMMUNICATIONS 

Y. M. CHEE til, H. M. KIAH tl A. C. H. LING *, AND C. WANG §11 



o 

U 

< 



Abstract. The use of multiple frequency shift keying modulation with permutation codes ad- 
dresses the problem of permanent narrowband noise disturbance in a power line communications 
(PLC) system. Equitable symbol weight codes was recently demonstrated to optimize the perfor- 
mance against narrowband noise in a general coded modulation scheme. This paper establishes the 
first infinite families of optimal equitable symbol weight codes with code lengths greater than alpha- 
bet size and whose narrowband noise error-correcting capability to code length ratios do not diminish 
to zero as the length grows. These families of codes meet the generalized Plotkin bound. The con- 
struction method introduced is combinatorial and reveals interesting interplay with an extension of 
the concept of generalized balanced tournament designs from combinatorial design theory. 

Key words, multiple frequency shift key modulation, power line communications, equitable 
symbol weight codes, generalized balanced tournament designs, recursive constructions 



o 
u 

-I— > 



> 

oo 

(N 

o 
o 



x 



AMS subject classifications. 94B99, 94C30, 05B30 

1. Introduction. Power line communications (PLC) is a technology that en- 
ables data transmission over high voltage electric power lines. Started in the 1950s 
in the form of ripple control for load and tariff management in power distribution, 
this low bandwidth one-way communication system evolved to a two-way communi- 
cation system in the 1980s. With the emergence of the Internet in the 1990s, research 
into broadband PLC gathered pace as a promising technology for Internet access 
and local area networking, since the electrical grid infrastructure provides "last mile" 
connectivity to premises and capillarity within premises. Recently, there has been a 
renewed interest in high-speed narrowband PLC due to applications in sustainable 
energy strategies, specifically in smart grids (see [2"TI|2"31I55IH3"] ) . 

However, power lines present a difficult communications environment and over- 
coming permanent narrowband disturbance has remained a challenging problem [3,35, 
139] . Vinck |39j addressed this problem by showing that multiple frequency shift keying 
(MFSK) modulation, in conjunction with the use of a permutation code having min- 
imum (Hamming) distance d, is able to correct up to d — 1 errors due to narrowband 
noise. Since then, more general codes such as constant-composition codes, frequency 
permutation arrays, and injection codes (see 7,12 20, 23,25 27 . 32. 34J) have been con- 
sidered as possible replacements for permutation codes in PLC. Vcrsfcld et al. [37,38 
later introduced the notion of 'same-symbol weight' (henceforth, termed as symbol 
weight) of a code as a measure of the capability of a code in dealing with narrowband 
noise. They also showed empirically that low symbol weight cosets of Reed-Solomon 
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codes outperform normal Reed-Solomon codes in the presence of narrowband noise 
and additive white Gaussian noise. 

Unfortunately, symbol weight alone is not sufficient to capture the performance 
of a code in dealing with permanent narrowband noise. Chee et al. [9] extend the 
analysis of Vinck's coded modulation scheme based on permutation codes (see [3§], [U 
Subsection 5.2.4]) to general codes. They introduce an additional new parameter that 
more precisely captures a code's performance against permanent narrowband noise. 
This parameter is related to symbol equity, the uniformity of frequencies of symbols in 
each codeword. Codes designed taking into account this new parameter, or equitable 
symbol weiqht codes, are shown to perform better than general ones. 

Relatively little is known about optimal equitable symbol weight codes, other 
than those that correspond to injection codes (which include the class of permutation 
codes) and frequency permutation arrays. In particular, only six infinite families of 
optimal equitable symbol weight codes with code length greater than alphabet size 
are known. These have all been constructed by Ding and Yin [18], and Huczynska 
and Mullen [26j as frequency permutation arrays and they meet the Plotkin bound. 
One drawback with the code parameters of these families is that the narrowband noise 
error-correcting capability to length ratio diminishes as its length grows. 

In this paper, we construct the first infinite families of optimal equitable symbol 
weight codes, whose code lengths are larger than alphabet size and whose narrow- 
band noise error-correcting capability to length ratios tend to a positive constant as 
code length grows. These families of codes all attain the generalized Plotkin bound. 
Our results are based on the construction of equivalent combinatorial objects called 
generalized balanced tournament packings. 

Owing to space constraints, we omit listing the words of certain small codes and 
blocks of certain combinatorial objects. We refer the interested reader to the second 
author's website |10j for complete descriptions. Parts of the paper have been presented 
in 0. 

2. Preliminaries. 

2.1. Notations. For positive integer m and prime power q, denote the ring 
Z/mZ by Z m and the finite field of q elements by ¥ q . Let Z>o denote the set of 
positive integers. Let [m] denote the set {1,2,..., m}. We use angled brackets (( and 
)) for multisets. Disjoint set union is depicted using U. For sets A and B, an element 
(a, b) G A x B is sometimes written as a>b for succinctness. 

If T is a multiset of integers and m is an integer, then T + m denotes the multiset 
(t + m : t G T), mT denotes the multiset (m ■ t : t G T), and T mod m denotes 
the multiset (t mod m : t G T). Let Y be an additive abelian group, 7 G Y, and 
A be a set. If T is a multiset of elements from Y x A, then T + 7 denotes the 
set ((t + "f) a : t a G T). Furthermore, if Y = Z m and m' is an integer such that 
m = mod to', then T mod m' denotes the set {(t mod m') a : t a G T). Also, we 
embed Z m < into Z m by i + m'Z M> i + rnL, so that T + j makes sense for j G Z m / . 
Note that a set is also a multiset and hence our definitions for multisets apply to sets. 

A set system is a pair © = (X, A) , where X is a finite set of points and A C 2 X . 
Elements of A are called blocks. The order of & is the number of points in X, and 
the size of & is the number of blocks in A. Let if be a set of nonnegativc integers. 
The set system {X, A) is said to be K -uniform if \A\ G K for all A G A. 

2.2. Equitable Symbol Weight Codes. Let E be a set of q symbols. A q-ary 
code of length n over the alphabet E is a subset C C E". Elements of C are called 
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codewords. The size of C is the number of codewords in C. For i G [n], the ith 
coordinate of a codeword u G C is denoted Uj, so that u = (u 1; U2, • ■ • , u„). 

Denote the frequency of symbol a G E in codeword u G E™ by uvr(u), that is, 
u>cr(u) = |{ui = a : z G M}|- An clement u G E™ is said to have equitable symbol 
weight if w a (u) G {[fi/^J, [n/g]} for any a G E. If all the codewords of C have 
equitable symbol weight, then the code C is called an equitable symbol weight code. 

Consider the usual Hamming distance defined on codewords and codes and let 
d denote the minimum distance of a code C. In addition, consider the following 
parameter. 

Definition 2.1. Let C be a q-ary code with minimum distance d. The narrow- 
band noise error-correcting capability of C is 

c{C) = min{e:£ c (e) > d}, 

where Eq is a function Eq : [q] — > [n] , given by 



Ec(e) = max max < > w a {c) 



res cGC 

iri=e kcrer ; 

Chee et al. [5] established that a code C can correct up to c(C) — 1 narrowband 
noise errors and demonstrated that an equitable symbol weight code maximizes the 
quantity c{C), for fixed n, d and q. Henceforth, only equitable symbol weight codes 
are considered. A g-ary equitable symbol weight code of length n having minimum 
distance d is denoted (n,d) q - equitable symbol weight code. Denote the maximum size 
of an (n, d) 9 -equitablc symbol weight code by A^ sw (n, d). Any (n, d) g -equitable 
symbol weight code of size A^ sw (n, d) is said to be optimal. 

Taken as a g-ary code of length n, an optimal (n, d) g -equitable symbol weight 
code satisfies the generalised Plotkin bound [551 Ch.2, Theorem 2.82, Corollary 2.84, 
Theorem 2.86]. 

Theorem 2.2 (Generalised Plotkin Bound). If there is a (n,d) q - equitable symbol 
weight code C of size M , then 

2 )d<nY^Y^ MiMj, (2.1) 



\d< n^2 X! M i M 3> 

' i=o j-i+l 



where Mi = \_(M + i)/q\ ■ If q divides M and ( „ )d = n(V\ (M/q) 2 , then C is optimal. 

In the rest of this paper, equitable symbol weight codes whose sizes attain the 
generalised Plotkin bound are constructed. In particular, the following is established. 

Theorem 2.3. The following holds, 
fi) 



ESWtn. J 3, 9 — 2, 

9 l 2q, q>3, 



A^ w (2q-l,2q-2) = 
(ii) 



6g-12, «? = 3,4, 



Af SH/ (2g-3,2g-4)=<(l4, g = 5,6 



2q + 1, q > 7, except possibly q G {12, 13} 



(Hi) 



(iv) 



Af bw (3q-l,3q-3) 



A* sw (4 q -l,4 q -4) 




9 = 2,3, 
9>4, 



(v) 



-\ 



ESW 




3g — 1 3g — 3^\ J 4g — 6, q = 3,5, 

q > 7 is odd, 



(vi) ^f Svy ( A( fe!.~ 1) , Afc ^ 1} ) = fco w/iere fc > 4, A £ [fc - 1] and g = 1 mod k(k - 1) 
is a sufficiently large prime power. 

Observe that any equitable symbol weight code C with the above parameters must 
have c(C) = q— 1. In Table |2~T1 we verify that c(C)/n tends to a positive constant as q 
grows. In the same table, we compare with known families of optimal (n, d) g -equitable 
symbol weight codes. 

In particular, only six infinite nontrivial families of optimal codes with n > q are 
known. However, code parameters for these six families are such that their relative 
narrowband noise error-correcting capability to length ratios diminish to zero as q 
grows. This is undesirable for narrowband noise correction for PLC. Hence, Theo- 
rem 12.31 provides the first infinite families of optimal equitable symbol weight codes 
with code lengths are larger than alphabet size and whose relative narrowband noise 
capability to length ratios tend to a positive constant as length grows. 

Our construction of optimal equitable symbol weight codes employs tools from 
combinatorial design theory. 



Table 2.1 
Infinite families of optimal (n,d) q equitable symbol weight codes 



(n, d) 9 -equitable symbol weight code C 



c(C) 



lira c(C)/n Remarks 



(n, n) q for q > 2 



i{n,q} 



easy 



(3, 2) q for q > 3 

(4,2) 9 forg>4, g/7 

(n, 1), for n < q 

(g,2),forg>2 

(q,S) q for q > 3 

(g, g — l) g for prime powers q 

(n,n— l) q for q sufficiently large and n < q 

(q, q — 2) q for prime powers q — 1 



9(9-1) 






2 





injection code [20] 


q(q-l)(q- 


2) 




2 





injection code [20] 


q(q-l)...(q- 


?I + 


1) 


1 


1/n 


injection code, easy 


q\ 






2 





injection code, easy 


ql/2 






3 





injection code, easy 


?(«-l) 






9-1 


1 


injection code [15] 


9(9-1) 






n-1 


1-1/n 


injection code [20] 


9(9-l)(9" 


2) 




9-2 


1 


injection code [22] 



frequency permutation 
array [17] 

frequency permutation 
array [TS] 



(g(g + 1), g ) for prime powers g 

( "fc^-i" ' q k-i ) l° r P r i me powers g, 2 < fc < 5, 

(fc,g)/(5,9) 

I — — jtzi i i — — qT^i ) s _ t f° r prime powers g, 

i < t < «, /i = nti *£=* 

(g s (g 2s+c - l),g 2s+c (g s - l)) g «, for prime powers g, and 
s,c > 1 

((l ? )>lfr!(1%forg,fc>l 

(2g 2 - g, 2g 2 - 2q) q for even g, g £ {2, 6} 



Ay/ 



frequency 
array [18| 



permutation 



2s+c 

kq 

■2<1 



frequency permutation 

array [18] 

frequency permutation 

array [26] 

frequency permutation 

array [26] 



(2g- l,2g-2) 9 for g > 3 
(2g - 3, 2g - 4), for g > 14 
(3g — 1, 3g — 3) g for g > 3 
(4g-l,4g-3) g for g > 4 



' 3q-l 

\ 2 > : 

^ A(fcg-l) 
I fe-1 ' 



3<;-3 ^ 



for g > 7 and g odd 



Afc(q 



fii) for fc > 4, A G [fc - 1], g is a suffi- 

' Q 



2g 

2g + l 
3g 
4g 
3g 

kq 



9-1 
9-2 
9-1 
9-1 
9-1 

9-1 



1/2 
1/2 
1/3 
1/4 
2/3 
(fc-l)/(Afc) 



Theorem [2731 
Theorem [2~3l 
Theorem [2~3l 
Theorem [231 
Theorem [Ol 



Theorem El 



ciently large prime power with q = 1 mod fc(fc — 1) 



3. Constructions of Equitable Symbol Weight Codes from Combinato- 
rial Objects. This section introduces the necessary concepts and establishes their 
connections to equitable symbol weight codes. 

However, we first determine Af (n, d) for small values of n, q and d. With 
the exception of A§ sw (9, 8), an exhaustive computer search established the following 
values of A® sw (n, d). For Af sw (9, 8), a (9, 8) 6 -equitable symbol weight code of size 
14 was found via computer search. Since a (9, 8)6-equitablc symbol weight code of 
size 15 cannot exist by the generalized Plotkin bound, it follows that Aq W (9,8) = 
14. We record the results of the computations in the following proposition and the 
corresponding optimal codes can be found at [10| . 

Proposition 3.1. The following holds: 



f SW (3,2) = 


= 3 


Af SM/ (5,3) = 


= 4 


Ai sw (7A) = 


= 7 


| SM/ (3,2) = 


= 6 


Af sw (4,3)-- 


= 6 


Af SH/ (ll,8) = 


= 11 


rt5,4) = 


= 12 


Ai sw (7,6)-- 


= 14 


Af^(9,8) = 


= 14 



The rest of the paper establishes the remaining values in Theorem 12.31 

3.1. Equitable Symbol Weight Codes and Generalized Balanced Tour- 
nament Packings. Let A, v be positive integers and K be a set of nonnegative 
integers. A (v,K,X) -packing is a K- uniform set system of order v such that every 
pair of distinct points is contained in at most A blocks. A parallel class (or resolution 
class) of a packing is a subset of the blocks that partitions the set of points X. If the 
set of blocks can be partitioned into parallel classes, then the packing is resolvable, 
and denoted by RP(w, K, A). An RP(u, K, A) is called a maximum resolvable packing, 
denoted by MRP(v, K, A), if it contains maximum possible number of parallel classes. 

Furthermore, an MRP(m, {k}, A) is called a resolvable (v, {k}, X)-balanced incom- 
plete block design, or RBIBD(v, k, A) in short, if every pair of distinct points is con- 
tained in exactly A blocks. A simple computation gives the size of an RBIBD(u, k, A) 

to be A "("-i) 
LO ue fc(fc-i) • 

Definition 3.2. Let (X, A) be an RP(v,K,\) with n parallel classes. Then 
(X, A) is called a generalized balanced tournament packing if the blocks of A are 
arranged into an m x n array satisfying the following conditions: 
(i) every point in X is contained in exactly one cell of each column, 
(ii) every point in X is contained in either \n/rn\ or \n/m\ cells of each row. 
We denote such a GBTP by GBTP x (K;v,m x n). 

Unless otherwise stated, the rows of a GBTP>(A'; v, m x n) arc indexed by [m] 
and the columns by [n]. 

In a GBTP^(A; v, m x n), given point x and column j, there is a unique row that 
contains the point x in column j. Hence, for each point x G X of a GBTP>(A; v, mxn) 
(X, A), we may correspond the codeword c(x) = (r±, r%, ■ ■ ■ , r n ) G [m] n , where rj is 
the row in which point x appears in column j. It is obvious that C = {c(x) : x G X} is 
an m-ary code of length n over the alphabet [m] . We note that this correspondence is 
precisely the one used by Semakov and Zinoviev [36) to show the equivalence between 
equidistant codes and resolvable balanced incomplete block designs. 



For distinct points x,y £ X, the distance between c(x) and c(y) is the number of 
columns for which x and y are not both contained in the same row. Since there are 
at most A blocks containing both x and y, and that no two such blocks can occur in 
the same column of the GBTP\(K; v,m x n), the distance between c(x) and c(y) is 
at least n — A. 

Next, we determine Wi(c(x)), for x £ X and i € [to]. From the construction of 
c(x), the number of times a symbol i appears in c(x) is the number of cells in row i 
that contains x. By the definition of a GBTPa(A"; v, m x n), this number belongs to 
{|_?t./toJ , |~n/m]}. Hence, C is an equitable symbol weight code with size v. 

Finally, this construction of an equitable symbol weight code from a generalized 
balanced tournament packing can easily be reversed. We record these observations 
as: 

Theorem 3.3. Let K be set of nonnegative integers. Then there exists a 
GBTPa(A'; v, to x n) if and only if there exists an (n, n — X) m -equitable symbol weight 
code C of size v. 

Example 3.1. Consider the G5TPi({2, 3}, 6, 3 x 4) below. 





{1,4} 


{2,6} 


{3,5} 


{1,2,3} 


{2,5} 


{3,4} 


{1,6} 


{4,5,6} 


{3,6} 


{1,5} 


{2,4} 



Each point x £ [6] gives a codeword c(x) = (?"i,r2, • • • ,^5), where Tj 
which point x appears in column j . Hence, we have 



th 



e row in 



c(l) 
c(2) 
c(3) 
c(4) 
c(5) 
c(6) 



(2,1,3,2), 
(2,2,1,3), 
(2,3,2,1), 
(3,1,2,3), 
(3,2,3,1), 
(3,3,1,2). 



The code C — {c(l),c(2),c(3),c(4),c(5),c(6)} is a {A,?i)^-equitable symbol weight code 
of size six. 

Theorem |33] set up the equivalence between GBTPs and equitable symbol weight 
codes. In general, a GBTP may not correspond to an optimal equitable symbol weight 
code. However, in the following, we set K to specific values so as to derive families of 
optimal equitable symbol weight codes. 

3.2. Optimal Equitable Symbol Weight Codes from Generalized Bal- 
anced Tournament Designs. A GBTP> I {fc}; km, m x ^ fc "~ ' ) is called a gener- 
alized balanced tournament design (GBTD), denoted by GQTT>\(k,m). In this case, 
we check that each pair of distinct points is contained in exactly A blocks and every 



point is contained in either 



X(kr, 



Applying Theorem 13.31 a I 



m(fc-l) 



\{kr. 



m(k- 
1) Afc(m-1 



*J 



cells of each row. 



-equitable symbol weight code of 

/ m 

size km exists and the corresponding code is optimal by generalized Plotkin bound. 
We summarize in the following theorem. 

Theorem 3.4. There exists a GBTD\(k,m) if and only if there exists an opti- 
-equitable symbol weight code of size km which attains the 



mal 



A(fcm-l) Afc(m-l) 



fc-1 



fc-1 



generalized Plotkin bound. 



We remark that our definition of a generalized balanced tournament design ex- 
tends that of Lamken [29| . which corresponds in our definition to the case when 
A = fc-1. 

The following theorem summarizes the state-of-the-art results on the existence of 
GBTD fe _i(fc,m). 

Theorem 3.5 (Lamken [21MT] . Yin et al. 02], Chee et al. [TT] ) . The following 
holds, 
(i) A GBTDi(2, m) exists if and only if to = 1 or to > 3. 
(ii) A GBTD2{i, m) exists if and only if m = 1 or to > 3. 
(in) A GBTDziA, m) exists if and only if to — 1 or to > 4. 

Theorem 12. 3lT j. Theorem 12. 3f iii) and Theorem I2.3f iv) is now an immediate con- 
sequence of Theorem 13.41 13.51 and Proposition 13.11 The existence of GBTD>(fc,m) 
when A ^ k — 1 has not been previously investigated. The smallest open case is when 
k = 3 and A = 1, which is the case dealt with in this paper. 

It follows readily from the fact that a GBTDi(3,to) is also an RBIBD(3m,3, 1), 
that a necessary condition for a GBTDi (3, m) to exist is that m must be odd. We note 
from Proposition O that Af sw (4,3) = 6 and A§ sw (7,6) = 14, which do not meet 
the Plotkin bound. Hence, the corresponding designs GBTDi(3,3) and GBTDi(3,5) 
do not exist by Thcorcm l3.4l 

Hence, a GBTDi (3, m) can exist only if to is odd and m ^ {3,5}. In Sections 
5 to 8, we prove that this necessary condition is also sufficient for the existence of 
GBTDi(3,m). A direct consequence of this is Theorem 12. 3f v). 

In general, when k > 4, a necessary condition for the existence of GBTD^(fc, m) is 
that \(km — 1) = mod k — 1. However, to show that this condition is also sufficient 
for all k and A is difficult. Hence, for the general case, we construct infinite families of 
GBTDa^to) in Section 4. In particular, we show that for a fixed k and A £ [k — 1], 
there exists an GBTD>(fc, q) for sufficiently large prime power q = 1 mod k(k — 1) 
and direct consequence is Theorem I2.3f vi) . 



3.3. Optimal Equitable Symbol Weight Codes from GBTPi({2, 3*}; 2to+ 
1, m x (2m — 3)). Theorem l3.4l constructs optimal equitable symbol weight codes from 
GBTDs. In this section, we make slight variations to obtain another infinite family 
of optimal equitable symbol weight codes. 

Consider a GBTPi({2, 3}; v, mxn). If there is exactly one block of size 3 in each 
resolution class, then we denote the GBTP by GBTPi({2, 3*}; v, m x n). A simple 
computation then shows v = 2m + 1. Now we establish the following construction for 
optimal equitable symbol weight codes. 

Theorem 3.6. Letm>7. If there exists a GBTPi({2,3*};2m+l,mx(2m-3)), 

then there exists an optimal (2m — 3,2to — 4) m - equitable symbol weight code of size 
2to + 1 which attains the generalized Plotkin bound. 

Proof. By Theorem 13.31 we have a (2m — 3,2to — 4) m -equitablc symbol weight 
code of size 2m + 1. It remains to verify its optimality. 

Suppose otherwise that there exists a (2m — 3, 2to — 4) m -equitablc symbol weight 
code of size 2m + 2. Consider (12.11) in Theorem 12.21 On the left hand side, we have 



2to + 2\ 

) • (2m - 4) = Am 3 - 2m 2 - 10m - 4. 



Since I 2m+2 +' I = 2 for < i < m - 3 and 

L m J — — 



2m+2+(m-2) 



2m+2+(m-l) 



3, the 



term on the right hand is 

(2m - 3) ( ( JT 4(m - 3 - i) + 12 J + 9 J 

= (2m - 3)(4m(m - 2) - 2(m - 3)(m - 2) + 9) 
= 4m 3 - 2m 2 - 12m + 9 

But for m > 7, 

4m 3 - 2m 2 - 10m - 4 > 4m 3 - 2m 2 - 12m + 9, 

contradicting (|2.1|) . Hence, a (2m — 3, 2m — 4) m -equitable symbol weight code of size 
2m + 2 does not exist and the result follows. D 

In Sections 5 to 8, we show the existence of a GBTPi({2, 3*}; 2m+l,mx (2m — 3)) 
for m > 4, except possibly m G {12, 13}. This with Theorem 13.61 and Proposition 13. II 
gives Theorem 12. 3( ii). 

4. Infinite Families of Generalized Balanced Tournament Designs. In 

this section, we present a direct construction of GBTDs and as a result, exhibit the 
existence of infinite families of GBTDs. The main tool in our construction is the 
method of differences. 

Let r be an additive abclian group and let n be a positive integer. For a set 
system (T, <S), the difference list of S is the multiset 

AS = (x — y : x, y £ A, x ^ y, and A G S). 

For a set-system (r x [n],«S), the multiset 

AijS = (x - y : Xi,yj G A, x t ^ yj, and A e S) 

is called a list of pure differences when i = j, and called a list of mixed differences 
when i ^ j for i,j G [n\. 

Definition 4.1 (Starter for GBTD). Let m be an odd positive integer, V be an 
additive abelian group of size m. Let T be an index set of size (m — l)/(fe — 1). Let 
(r x [fc],5) be a {k}-uniform set system of size (km — l)/(fc — 1), where 

S = {A a :aeT}U{B t :te T}. 

S is called a (T x [fc])-GBTD-starter if the following conditions hold: 
(i) A u S = T\{0},fori€ [k], 
(ii) A^S = T, forij £ [k], i ^ j, 
(Hi) U QGr ^a = T x [k], 

(iv) {j : ctj G B t for some a G T} = [k], for t G T, 
(v) each element in T x [k] appears either once or twice in the multiset 



R= I \jA a -a\ U j \jB t 



A 


B 



where A is the array 



-4o 



A_ r 



Oil 



A_ a2 + a 2 



A_ r 



A +ai 



-4, 



Qf2 



A 



Oil —Oi-m — 1 



ttm-l 
f ttm-1 



^-a m _i ^-a,„_i-Qi + «1 4 aml _ a2 + Q'2 



Aq +Om-l 



and B is the array 



B\ B 2 

B\ + OL\ B 2 + cti 



B(m-l)/(k-l) 

B{ m -l)/{k-l) + Oil 



B\ + a m _i B2 + a m _i ••• B( m _i)/(fe_i) + a m _i 



Fig. 4.1. A GBTDi(fc,m) jrom (r x [k])-GBTD-starter S = {A a : a e T} U {S t : t € T}, 
where V = {0, ai, . . . , a m _i} and T = [(m — l)/(fc — 1)]. 



PROPOSITION 4.2. If there exists a (T x [k])-GBTD-starter, then there exists a 
GBTD 1 (fc,m). 

Proof. Let X = T x [&], and suppose 5 = {A a : a e T} U {B, : i £ T} is an 
(r x [fc])-GBTD-starter. Let 

A= \J{A + a :aeT}. 

AeS 



Then (X,A) is a BIBD(fem, k, 1), whose blocks can be arranged in anmx > '™_ 1 ^ 
array, whose rows and columns arc indexed by T and TUT, respectively, as follows: 
(i) for a, P 6 T, the block A a + (3 is placed in cell (a + /3, j3), and 
(ii) for i G T and a e T, the block i? t + a is placed in cell (a, i). 
Fig. 14. II depicts the placement of blocks in the array. 

For /3 € r, the set of blocks occupying column /3 is {A Q + /3 : a e T}, which 
form a resolution class by condition (iii) of Definition 14.11 Similarly, for t G T, the 
set of blocks occupying column t is {B f + a : a £ T}, which form a resolution class 
by condition (iv) in Definition 14.11 

The set of blocks occupying row is given by R, and by condition (v) of Definition 
14.11 each point in X appears either once or twice in row 0. Since the blocks occupying 
row a (a € T) are exactly the translates of the blocks in R by a, every point in X 
also appears either once or twice in row a. D 

Definition 4.3 (Base Set for GBTD-starter). Let q be prime power such that 
q = 1 mod k{k — 1) with s = (q — l)/(fc(fc — 1)). Let A G [k — 1]. A (q, k, A)-base set 
for a GBTD-starter is a set of k + 1 + A nonzero elements of¥ q , namely, 

{ai-.ie [k]} U {6} U {c 4 : I £ [A]} 



such that the following conditions hold: 
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(I) Define the following {k}-uniform set system (¥ q ,T>) of size s, where 

V={{6 t a l :»G [k]} : t e Z s }. 

TTien, 

W AP = F g \ {0}, 

(B) the blocks in T> are mutually disjoint. 

(II) Forle [A], i^i' e [*], 

°* + Q ^{O}U{0*:ie[ S -l]}. 



fl/TJ Forl^V G [A], i,i'G [fc], 

Oj + Q 



a,/ + Q/ 



{0}U{6>* :£GZ S }. 



Proposition 4.4. Lei g 6e prime power such that q = 1 mod fe(fc — 1). If there 
exists a (q,k, X)-base set for a GBTD-starter, then there exists an (¥ q x [k])-GBTD- 
starter. Furthermore, there exists a GBTD\(k,m). 

Proof. Assume the notations in Definition 14.31 and we first prove the existence 
of an (F q x [fc])-GBTD-starter. In fact, for each I G [A], wc construct an (F g x [k])- 
GBTD-starter with the set system V and element q. 

Define 

A^ = {-cid^i : t &Z s ,i G [k]} 

and construct the following q + ks = (kq — l)/(fc — 1) blocks. 
For a G F g , 

l{(e t a i a j ,i) :j€[k]}, if a = -016*0,4 G A (0 where (t,i) G Z s x [k], 



< I— — ai,i) : i G [k]) > , otherwise. 
For (t,j) G [s] x [k], 

B (t, j ) = {((ai + ci)e t a j ,i) :t€[3]}. 

Let S® = {A& : a G FJ U {-B^ : (i, j) G [s] x [fc]} and wc claim that S® is a 
(Fg x [fe])-GBTD-starter. 

Indeed, for condition (i) of Definition 14.11 we check for i G [k], 

A«S« = A rt {A« : a = -cA,t£ Z a> * G [fc]} 
= 6>*a t A£> = F g \ {0}. 

For condition (ii),we verify for i ^ i' G [fc], 

A^S^ 

= (J (--(oi-ai>)\ U (J (fl*aj (<n - OiO) 

a^AC) ^ Q ' (t,j)6Z s x[fc] 



= (0.-0^) I U -^ u U < 

\a^A(0 (t,j)eZ s x[fe] 

= (a; - a,/)F, = Fg. 
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For condition (iii) of DcfJnition l4.il since the number of points in IJaeF A a is 

kq, it suffices to check that each point (/?, i) £ ¥ q x [k] belongs to some block A a ' ■ 
Indeed, if /3/oj = 6 t aj for some (£, j) £ Z s x [k], then let a = —c^cn and so, 

(/3,i) = (9 t ataj,i) belongs to A a ' . Otherwise, — c;/3/a, ^ A^. Let a = —ci/3/ai and 

(J3,i) = (— (a/ci)di,i) £ A« as desired. 

Condition (iv) of Definition 14.11 is clearly true from the definition of -B(t.j)- We 

establish condition (v) of Definition 14. II through the following claims: 

Claim 4.1. The blocks in U Q «m(^a — a )^iJ(t j)ez x[fel %,) /orm a resolution 
class. 

As above, it suffices to check that each point (/3, i) £ F 9 x [fc] belongs to some 
block in Uq^ac) (-^q — a) U IL jiez xffcl ^(,i as the total number of points is fcg. 

Indeed, if /3/(a, + q) = 9 t aj for some (i,j) £ Z s x [fc], then (/3,i) £ i?L —,. 
Otherwise, —j3ci/(a,i + ci) £ A' 1 '. Let a = —fici/(ai + ci) (note that a is well-defined 
by Condition (II) of Definition IP)) and (/?, i) = (-a (a. t /ci + 1) ,i) £ A^ - a. 

CLAIM 4.2. i?ac/i point in ¥ q x [fc] appears at most once in [J ae ^(n I A« — a) . 
Note that the blocks are of the form 

{((ctj +ci)9 t a l ,i) :j £ [k]} 

for (t,i) £ Z s x [fc]. Suppose otherwise that a point appears twice. That is, there 
exist j,j' £ [k], (t,i), (t',i) £ Z s x [fc] with £ > £' such that 

(ttj + ci)9 t a. l = (oj/ + q)0* a,. 

Hence, 

(a J v+c i )/(a J +Q) = 6»*- f '. 

Since t^t', hence, j 7^ j' and this contradicts Condition (II). 
Therefore, (¥ q x [fc],<S (I) ) is a (F g x [fc])-GBTD-startcr and a GBTDi(fc,m) (F g x 
[k] , A^ ) exists by Proposition 14.21 for each I £ [A] . 

Consider A* = \Ji e [x] A m and we claim that (¥ q x [k],A*) forms a GBTD A (fc,g) 
by juxtapositioning the A arrays (F g x [k], A^) for I £ [A]. 

It follows immediately that (¥ q x [fc],A*) is a BIBD(u, fc,A) and each point in 

¥ q x [k] appears exactly once in each column. Since A £ [k — 1] 



1 
and 

inF, 



A(fcq-l) 
g(fc-l) 



A + l 



A(fcq-l) 
g(fc-l) 



A, it remains to show that each point appears either A or A + 1 times 



To do so, we establish the following 

Claim 4.3. Each point in ¥ q x [k] appears at most once in 

U U (4P- 

l€[A]oteAM 
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As in Claim 221 if a point appears twice, then there exists I ^ V G [I], j,j' E [k], 
(t, i), (£', i) E Z s x [k] with t>t' such that 

(oj + cj)0*Oj = (aj> + 011)6* at 
Hence, 

(a j < + ci>)/(a j + ci) = 6 t - t ' ) 

contradicting Condition (III). D 

Therefore, Proposition 14.21 and Proposition 14.41 establish that it suffices to con- 
struct a (q, k, A)-base set to construct a GBTDa(A:, q). In the rest of this section, we 
show that provided q is sufficiently large, a (q, k, A)-base set can always be constructed. 

The construction is based on the following two lemmas. 

Lemma 4.5 (Chang [5]). Let q be a prime power such that q = 1 mod k(k — 1) 
with k > 3. Define s = (q — l)/k(k — 1) and let 9 be an element of order s. Then 
for sufficiently large q, there exist nonzero elements a\, a^, . . . , a^ 6F g , satisfying the 
following conditions: 

(i) AT> = F q \ {0}, where V = {{(9*^ : i G [k]} : t E Z s }, 
(ii) the blocks in T> are mutually disjoint. 

Suppose that k > 3 and < i < k(k — 1) — 1. Define 
Gi = {uj 1 :t = i mod k(k - 1)} 

and let G = {G t : i e I>k(k-i)}- 

Lemma 4.6 (Chang and Ji jB], Buratti and Pasotti [1]). Fix r > 2, any r-tuple 
(0,1,0,2, ■ . . , a r ) € FJ and r-tuple [ix, i<i, . . . ,i r ) G ZL k _j>. Then there exists anc&W 
such that 

dj+cG G ij for j e [r], 

provided q is sufficiently large and q = 1 mod fc(fc — 1). 

Now we are in the position to present our main result in this section. 

PROPOSITION 4.7. Let k > 4 and A e [fe — 1]. TTien i/iere is a constant Q{k) such 
that a (g, k, \)-base set exists for all prime power q > Q(k) and q = 1 mod fe(fc — 1). 

Proof. Let s = (q — l)/k(k — 1) and 6 be an element of order s. By Lemma T4.5J 
there exists a constant Q{k) such that when q > Q(k), there exist nonzero elements 
Oi, a%, . . . , ah (z¥ q satisfying the following conditions: 
(i) AV = ¥ q \ {0}, where V = {{6 t a l : i E [k]} : t E Z s }, 
(ii) the blocks in T> are mutually disjoint. 

Now we fix I E [A] and consider the fc-tuples (01, 02, . . . , au) and (Ik, lk-\-l, . . . , (Z + 
l)k — 1). By Lemma [4. 6[ there exists a q E ¥ q such that cij + Ci E Gik+j-i for all 
j E [k] ■ Then we observe the following. 

First, «i + c; 7^ since on + ci £ Gik+i-i for i E [k], I 6 [k — 1]. 

Next, suppose that 

a » + c i =9 t 
a v + c v 
13 



for some t £ Z s and (i, I) ^ (i 1 , 1') £ [k] x [k — 1]. Then a t + c\ and a.y + cy belongs 
to some coset of Go- This contradicts the fact that a^ + c\ and a^ + cy belong to 
different cosets. 

Hence, there exist ci, C2, . . . , Ck-i £ F g such that 

^±^^{0}U{9 t :t£[s-l}}. 

for any i ^ i' £ [k] and 

a, + q 



a»' + Q/ 



for any I ^ V £ [A] and i, i' £ [k] 
Thus by Definition! 



{0}U{fl':icZ s }. 



{ai:t€[*]}U{0}U{cj:*G[A]} 

form a (q, k, A)-base set for a GBTD-starter. D 

Combining Proposition 14.41 and Proposition ^. 71 we obtain the following result of 
the existence of GBTDs of large order. 

Theorem 4.8. Let k > 4 and A £ [k — 1]. For sufficiently large prime power 
<7 = 1 mod k(k — 1), there exists a GHTD\(k,q). 



This completes the proof of Theorem I2.3f vi) . We provide a stronger result for 
k = 3 in section [7] 

5. Proof Strategy of Theorem I2.3l( ii) and Theorem I2.3l (v). In previous 
section, we demonstrated the existence of GBTDs for sufficiently large prime power 
order and hence, correspondingly, we obtain optimal equitable symbol weight codes. 
For the rest of the paper, we study GBTPs and GBTDs with certain special pa- 
rameters. Specifically, we determine completely the existence of GBTDi(3,m) and 
GBTPi({2,3*};2m + l,mx (2m -3)). 

Our proof is technical and rather complex. This section outlines the general 
strategy used, and introduces some required combinatorial designs. 

As with most combinatorial designs, direct construction to settle their existence 
is often difficult. Instead, we develop a set of recursive constructions, building big 
designs from smaller ones. Direct methods are used to construct a large enough 
set of small designs on which the recursions can work to generate all larger designs. 
For our recursion techniques to work, the generalized balanced tournament packing 
must possess more structure than stipulated in its definition. First, we consider 
GBTDi(3, m)s that are ^colorable which are defined below. 

5.1. c-*colorable Generalized Balanced Tournament Designs. 

Definition 5.1. Let c be a positive integer. A c-*colorable RBIBD(v, k, A) is an 
RBIBD(w, k, A) with the property that its truEf) blocks can be arranged in a ^ x j^_ 1 ' 
array, and each block can be colored with one of c colors so that 
(i) each point appears exactly once in each column, and 
(ii) in each row, blocks of the same color are pairwise disjoint. 

Definition 5.2. A GBTD\{k,m) is c-*colorable if each of its blocks can be 
colored with one of c colors so that in each row, blocks of the same color are pairwise 
disjoint. 
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OoOioo Jit 


2 4 3i * 


6i4 l n 


2ili6i* 


5il 2 <? 


4i3ili 9 


514x2! 


6i5i3i A 


lolioo 4 


3o5o4i A 


3 3icx) 


5q0 6i ^ 


60I0O1 


2 li <? 


1o3o2i ♦ 


0i6 x 4i * 


2 2iOo 


4 6 5i X 


li6 3 


5o5ioo < \? 


3il 5o 


4i2 6 * 


5i3o0o ♦ 


Ii0i5i 


0i5 2o <? 


4 4ioo 


2i0 4 <? 


6061OO 'x? 


li4 5 * 


2i5 6o 


3i6 o o * 


4i0 l 


3i2i0i 9 


6i2q3o ♦ 


0i3 4 



Fig. 5.1. 4 3-*colorable RBIBD(15,3,1) (X,A), where X = (Z 7 X Z 2 )U{oo}. T/ie sei of colors 
used is {ft, <0>, C}. (X, .4) has property II as lo is a witness for Jit and 00 is a witnesses for both <0 
and C in row 1. For succintness, a block {x, y, z} is written xyz 



Definition 5.3. A k-*colorable RBIBD(u, fc, 1) is fc-*colorablc with property II 
if there exists a row r such that for each color i, there exists a point (called a witness 
for i) that is not contained in any block in row r that is colored i . 

A GBTDi(fc,m) that is c-*colorable with property II is similarly defined. 

Example 5.1. The RBIBD(15, 3, 1) in Fig. \5.1\ is 3-*colorable with property II. 

Proposition 5.4. If an RBIBD(v,fc, 1) is (k - 1)-* colorable, then it is k- 
* colorable with property n. 

Proof. Consider a (k — l)-*colorablc RBIBD(v, k, 1) with colors ci, C2, • • ■ , Ck-i- 
There must exists a point, say x, that appears only once in the first row. Recolor 
the block that contains this point with color Ck- This new coloring shows that the 
RBIBD(w, k, 1) is fc-*colorable with property II, since in row one, for each of the 
colors ci, ci-, ' • ' i Cfc-i, the point x does not appear in a block that is colored any one 
of ci, ci, ■ ■ • , Cfc_i, and for color c/., we can always consider a point not in the block 
colored Cfc. D 

Example 5.2. The GBTDi(3,9) in Fig. \5.S\ is 2-* colorable and is therefore 
3-*colorable with property n by Proposition\5 .J\ 



5.2. Ingredient Generalized Balanced Tournament Packings. Suppose 
that (X, A) is a (v,K, A)-packing. Let W C X with \W\ = w. Furthermore, we call 
(X, W, A) is an ingredient resolvable packing, denoted by IRP(u, K, A; w), if it satisfies 
the following conditions: 
(i) any pair of points from W occurs in no blocks of A, 

(ii) the blocks in A can be partitioned into parallel classes and partial parallel classes 
X\W. 

Definition 5.5. Let (X,W,A) be an IRP(v,K,X;w). Then (X,W,A) is called 

an ingredient generalized balanced tournament packing (IGBTP) if the blocks of A 

are arranged into an m x n array A, with rows and columns indexed by R and C 

respectively, satisfying the following conditions: 

(i) there exist a P C R with \P\ = ml and a Q C C with \Q\ = n' such that the cell 

(r, c) is empty if r 6 P and c G Q; 
(ii) for any row r E P, every point in X \ W is contained in either \n/m\ or \n/m\ 
cells and the points in W do not appear; for any row r G R\ P, every point in 
X is contained in either \n/rn\ or \n/m\ cells; 
(Hi) the blocks in any column c G Q form a partial parallel class of X \W and the 
blocks in any column c G C \Q forms a parallel class of X . 
Denote such an IGBTP by IGBTP\(K,v,m x n;w,m' x n'). 

Example 5.3. An IGBTPi({2,3*},29, 14 x 25; 9, 4 x 5) is given in Fig. \JT£ 
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A 


B 



where A is the array 



l 7ioo 2 * 


6 3 2 ooi ^ 


4i6 2 * 


6 7i0 2 


7o0il 2 * 


5o5i5 2 


li4 2 oo & 


5 2 2 ooi 


2 0i^ 2 * 


7 4 2 ooi & 


l 5i7 2 ^ 


4 4i4 2 


li2 2 * 


7 5ioo 2 ^ 


3i6 2 oo A 


4i7 2 cxj 


3 lioo 2 ^ 


5 2 ooi & 


2 6i0 2 * 


3 7il 2 


1o2i3 2 ^ 


3 4i5 2 * 


lolib 


5i0 2 cx)o A 


4 2ioo 2 


5o3ioc 2 & 


2 7 2 ooi A 


4 0i2 2 * 


6 2i4 2 


4 5i6 2 * 


5 6i7 2 


6il 2 oo A 


l 6 2 ooi <> 


6 4ioo 2 & 


3 2 ooi ^ 


0i0 2 o 


5 2i0 2 * 


4 7i3 2 * 


2 li6 2 * 


7i2 2 cxj 


l 6i4 2 X 


3i7 2 * 


7 6i3 2 A 


7o3i5 2 


6 3il 2 £ 


5 0i4 2 * 


3q2i7 2 ^ 


0i3 2 oo <> 


2o7i5 2 ^ 


2 5il 2 ^ 


7i4 2 * 


2 2i2 2 


7 4i2 2 * 


6 1i5 2 ^ 


4 3i0 2 * 


6o6i6 2 


4 li7 2 * 


3 6i2 2 * 


Io0i5 2 * 


3 3i3 2 


Oo5i3 2 ^ 


7 2i6 2 * 


5 4il 2 A 



where B is the array 



6ioo 2 


4 6i5 2 * 


1q2 4o 


2o3o5o A 


2 2 7 2 2 * 


2i3i5i A 


2i5 2 oo & 


5 7i6 2 ^ 


3i4i6i * 


0ili3i 


3 4 6o * 


3 2 2 1 2 * 


2 3i4 2 


6 0i7 2 * 


4 2 1 2 2 2 * 


4i5i7i * 


5 x 6i0i 


4 5 7 * 


7 7i7 2 


2il 2 * 


2 5 2 6 2 


6o7olo A 


6 2 3 2 4 2 X 


6i7ili* 


5oli3 2 £ 


1o3i2 2 £ 


7iO x 2i * 


5 2 2 2 3 2 


7o0o2o A 


7 2 4 2 5 2 * 


6 5i2 2 * 


2 4i3 2 


3o7ooo A 


1 2 6 2 7 2 


5 2 l 2 oo 2 & 


4i0iooi ^ 


1q4i0 2 * 


3 5i4 2 ^ 


1i5iooi ^ 


4 0ooo & 


Ix2i4i 


6 2 2 2 oo 2 & 


3 0i6 2 A 


OO OOiOO 2 


3 2 7 2 oo 2 ^ 


2i6iooi X 


5 looo A 


lo3 


4 l 2 ooi 


7 li0 2 


5 6 0o 


4 2 2 oo 2 ^ 


3i7iooi A 


6 2 ooo * 



Fig. 5.2. A 2-*colorable special GBTDi(3,9) (X,A), where X = (Z 8 x Z3) U {t» ,ooi, 002} 
and colors {Jfc, <0}. The ceH (1,5), occupied by the block 7oOil2, is special. For succinctness, a set 
{x,y, z} is written xyz. 



Consider an IGBTPi({fc}, km, m X k ™~\ ; k, 1 X 1). Then its corresponding array 
has one empty cell and we fill this cell with the block W to obtain a GBTDi(fc, m). 
A GBTDi(fc,m) obtained in this way is called a special GBTDi(fc,m) and the cell 
occupied by W is said to be special. 

Example 5.4. The GBTD x {i, 9) in Fig. {KMis a special GB7X>i(3, 9) with special 
cell (1,5). 

A few more classes of auxiliary designs are also required. 



5.3. Group Divisible Designs and Transversal Designs. Definition 5.6. 
Let (X, A) be a set system and let Q = {G\, G 2 , . . . , G s } be a partition of X into 
subsets, called groups. The triple (X, Q,A) is a group divisible design (GDD) when 
every 2- subset of X not contained in a group appears in exactly one block, and \AC\G\ < 
1 for all Ae A and G e Q. 

We denote a GDD (X,G,A) by K-GDD if (X,A) is A'-uniform. The type of a 
GDD (X,Q,A) is the multiset (\G\ : G £ Q). When more convenient, the exponential 
notation is used to describe the type of a GDD: a GDD of type g^g^ 2 ■ ■ ■ g* s s is a GDD 
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A 


B 



where A is the array 













2,13 


3,14 


4,15 


5,16 


6,17 


7,18 


8,19 


9,0 












12,16 


13,17 


14,18 


15,19 


16,0 


17,1 


18,2 


19,3 












15,18 


16,19 


17,0 


18,1 


19,2 


0,3 


1,4 


2,5 












1,3 


2,4 


3,5 


4,6 


5,7 


6,8 


7,9 


8,10 


0,10 


2,7 


12,17 


4,16 


14,6 


4,5,11 


i, 18 


ft, 1 


3,12 


/,18 


e, 13 


d, 16 


c, 13 


1,11 


3,8 


13,18 


5,17 


15,7 


a,0 


5,6,12 


i, 19 


ft, 2 


5,13 


/,19 


e, 14 


d, 17 


2,12 


4,9 


14,19 


6,18 


16,8 


6,7 


a, 1 


6,7,13 


i,0 


ft, 3 


3,14 


/,o 


e, 15 


3,13 


5,10 


15,0 


7,19 


17,9 


c, 6 


6,8 


a, 2 


7,8,14 


i,l 


ft, 4 


3,15 


/,1 


4,14 


6,11 


16,1 


8,0 


18,10 


d, 10 


c,7 


6,9 


a, 3 


8,9,15 


t,2 


ft, 5 


.9,16 


5,15 


7,12 


17,2 


9,1 


19,11 


e,8 


d, 11 


c,8 


6,10 


a, 4 


9,10,16 


i, 3 


ft, 6 


6,16 


8,13 


18,3 


10,2 


0,12 


/,14 


e,9 


d, 12 


c,9 


6,11 


a, 5 


10,11,17 


»,4 


7,17 


9,14 


19,4 


11,3 


1,13 


.9,9 


/,15 


e, 10 


d, 13 


c, 10 


6,12 


a, 6 


11,12,18 


8,18 


10,15 


0,5 


12,4 


2,14 


ft, 19 


.9,10 


/,16 


e, 11 


d, 14 


c, 11 


6,13 


a, 7 


9,19 


11,16 


1,6 


13,5 


3,15 


i, 17 


ft,0 


3,11 


/,17 


e, 12 


d, 15 


c, 12 


6,14 



where B is the array 



10,1 


11,2 


12,3 


13,4 


14,5 


15,6 


16,7 


17,8 


18,9 


19,10 


0,11 


1,12 


0,4 


1,5 


2,6 


3,7 


4,8 


5,9 


6,10 


7,11 


8,12 


9,13 


10,14 


11,15 


3,6 


4,7 


5,8 


6,9 


7,10 


8,11 


9,12 


10,13 


11,14 


12,15 


13,16 


14,17 


9,11 


10,12 


11,13 


12,14 


13,15 


14,16 


15,17 


16,18 


17,19 


18,0 


19,1 


0,2 


6,15 


a, 9 


14,15,1 


i,8 


ft, 11 


3,2 


/,8 


e, 3 


d,6 


c, 3 


6,5 


a, 19 


c, 14 


6,16 


a, 10 


15,16,2 


i,9 


ft, 12 


3,3 


/,9 


e,4 


d,7 


c,4 


6,6 


d, 18 


c, 15 


6,17 


a, 11 


16,17,3 


i, 10 


ft, 13 


.9,4 


/,io 


e,5 


d,8 


c, 5 


e, 16 


d, 19 


c,16 


6,18 


a, 12 


17,18,4 


i, 11 


ft, 14 


3,5 


/,H 


e, 6 


d,9 


/,2 


e, 17 


d,0 


c, 17 


6,19 


a, 13 


18,19,5 


i, 12 


ft, 15 


3,6 


/,12 


e,7 


3,17 


/,3 


e, 18 


d, 1 


e,18 


6,0 


a, 14 


19,0,6 


i, 13 


ft, 16 


3,7 


/,13 


ft, 7 


3,18 


/,4 


e, 19 


d,2 


c, 19 


6,1 


a, 15 


0,1,7 


i, 14 


ft, 17 


3,8 


i, 5 


ft, 8 


3,19 


7,5 


e,0 


d,3 


c,0 


6,2 


a, 16 


1,2,8 


i, 15 


ft, 18 


12,13,19 


i, 6 


ft, 9 


3,0 


/,6 


M 


d,4 


c,l 


6,3 


a, 17 


2,3,9 


i, 16 


a, 8 


13,14,0 


i,7 


ft, 10 


3,1 


/,7 


e,2 


d,5 


c,2 


6,4 


a, 18 


3,4,10 



Fig. 5.3. J 4nIGBTPi({2, 3}, 29, 14x25; 9, 4x5) (X,A), where X = Z 20 U{a, ft, c, d, e, f,g,h,i} 
and W = {a, 6, c, d, e, /, g, h, i}. For succinctness, a block {x, y, z} is written x,y,z. 



where there are exactly i, ; groups of size gi, i £ [s]. 

Definition 5.7. A transversal design TD(k 1 n) is a {k}-GDD of type n k . 

The following result on the existence of transversal designs (see pQ) is sometimes 
used without explicit reference throughout this paper. 

Theorem 5.8. Let TD(/c) denote the set of positive integers n such that there 
exists a TD(fc,n). Then, we have 
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A 


B 



where A is the array 









4 lo7o 


4ili7i 


4 2 1 2 7 2 


6o3o9o 


6i3i9i 


6 2 3 2 9 2 








6o7 2 8o 


6i7 8i 


6 2 7i8 2 


8o9 2 


8i9 0i 


8 2 9i0 2 


2 8ilo 


2i8 2 li 


2 2 8ol 2 








4i8 2 c»4 


4 2 8ooo3 


4o8ioob 


62 72 3i 


6o7o3 2 


6i7i3 








9il 2 oo 5 


9 2 looo 4 


9olioo 3 


4o0i3 


4i0 2 3i 


4 2 3 2 


li3 9i 


l 2 3i9 2 


lo3 2 9o 








8 2 9 2 5i 


8 ( ,9o5 2 


8i9i5 


4 2 6i8 2 


4 6 2 8o 


4i6 8i 








6o2i5o 


6i2 2 5i 


6 2 2 5 2 


81I2000 


8 2 loooi 


80I1002 


3i5oli 


3 2 5il 2 


3o5 2 lo 


2 l 2 7i 


0olo7 2 


0ili7 


2o3iooi 


2i3 2 cx) 2 


2 2 3ocxdo 


6 2 8i0 2 


6 8 2 0o 


6180O1 


8o4i7 


8i4 2 7i 


8 2 4o7 2 


2 2 9 oo 2 


2o9icx) 


2i9 2 ooi 


0i3 2 oo 


2 3 ooi 


Oo3icx) 2 


2 2 3 2 9! 


2q3o9 2 


2i3!9 


3 2 4ioo 3 


3 4 2 oo 5 


3i4 ( )O0 4 


4 5iooi 


4i5 2 oo 2 


4 2 5 cx)o 


Oo6i9 


0i6 2 9i 


2 6o9 2 


2i6 2 0O4 


2 2 6 oo 3 


2()6ioo 5 


4 2 looo 2 


4 lioo 


4il 2 ooi 


4 2 5 2 li 


4o5ol 2 


4i5ilo 


7i9 2 oo 5 


7 2 9ooo4 


7o9ioo3 


5261003 


5o6 2 oo5 


5l6()0O4 



where B is the array 



8o5olo 


8i5ili 


8 2 5 2 1 2 


Oo7o3o 


0i7i3i 


2 7 2 3 2 


2 9o5o 


2i9i5i 


2 2 9 2 5 2 


Ool 2 2 


Oilo2i 


2 li2 2 


2o3 2 4 


2i3 4! 


2 2 3i4 2 


4o5 2 6o 


4i5 6i 


4 2 5i6 2 


6 2 3oco 2 


6o3iooo 


6i3 2 ooi 


4i7 2 cx) 


4 2 7oooi 


4 7ioo 2 


9il 7i 


9 2 li7 2 


9ol 2 7o 


7 2 8ioo 3 


7 8 2 oo 5 


7i8 oo 4 


8 9iOOi 


8i9 2 oo 2 


8 2 9 oo 


2 2 4!6 2 


2 4 2 6o 


2i4 6i 


6i0 2 oo4 


6 2 cx)3 


60O1OQ5 


8 2 5 oo 2 


8o5ioo 


8i5 2 ooi 


6i9 2 oo 


6 2 9 ooi 


6o9ioo2 


ll3 2 O0 5 


l 2 3()0O4 


Io3l003 


9 2 0icx)3 


9o0 2 oo 5 


9l0o004 


O0I1001 


Oil 2 oo 2 


2 loooo 








8i2 2 oo4 


8 2 2 oo 3 


8o2icx} 5 


2 7 o cx) 2 


7lOO0 


0i7 2 ooi 








3i5 2 oos 


3 2 5o004 


3o5icx)3 


l 2 2lO03 


lo2 2 oos 


ll2()O04 


5i7o3i 


5 2 7i3 2 


5o7 2 3o 








0i4 2 oc>4 


2 4 oo 3 


0o4ioo 5 


8 2 0i2 2 


8o0 2 2o 


8i0 2i 








5i7 2 oo 5 


5 2 7ooo 4 


5o7io03 


2i5 2 oo 


2 2 5oooi 


2 5ioo 2 


7i9 5i 


7 2 9i5 2 


7o9 2 5 








6o7iooi 


6i7 2 oo 2 


6 2 7ooo 


2 2i4 2 


Oo2 2 4 


0i2 4i 









Fig. 5.4. An FGBTDi(3, 6 6 ) (X,g,A), where X 



iio x 



U {ooi 



i e 



and Q 



{{to, ti, t 2 , (5 + 4)o, (5 + £)i, (5 + t) 2 } : t £ Z5} U {00 ; : i £ Zg}. For succinctness, a set {x, y,z} is 
written xyz. 



(i) TD(4) D Z >0 \ {2, 6} ; 

(ii) TD(5) DZ >0 \{2,3,6, 10}, 

(Hi) TD(6) D Z >0 \ {2, 3, 4, 6, 10, 14, 18, 22}, 

(iv) TD(7) D Z >Q \ {2, 3, 4, 5, 6, 10, 14, 15, 18, 20, 22, 26, 30, 34, 38, 46, 60}, 

(v) TD(fc) D {q : q > k — 1 is a prime power}. 

Definition 5.9. A doubly resolvable TD(k,n), denoted by DRTD(k,n), is a 
TD(k, n) whose blocks can be arranged in an n x n array such that each point appears 
exactly once in each row and once in each column. 



Colbourn et al. 



established the following. 
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Proposition 5.10 (Colbourn et al. [13)- A TD(k + 2,n) exists if and only if a 
DRTD(k,n) exists. 

Corollary 5.11. A DRTD(3, n) exists for all n> 4 and n $■ {6, 10}. 
Proof A TD(5, n) exists if n > 4 and n g {6, 10} by Theorem EH D 

5.4. Frame Generalized Balanced Tournament Design. Let (X, Q, A) be 
a {fc}-GDD with g = {G U G 2 ,...,G 3 } and \G L \ = mod k(k - 1) for all i G [s]. 
Let R = t Si=i 1^*1 an d C = rrr J2t=i \Gi\- Suppose there exists a partition [R] = 
Ui=i Ri anc ^ a partition [C] = |Ji=i ^i such that for each i £ [s], we have |i?j| = |Gj|/fc 
and \Ci\ = \Gi\/(k-l). 

We say that (X, g,A) is a frame generalized balanced tournament design (FG- 
BTD) if its blocks can be arranged in an Rx C array such that the following conditions 
hold: 
(i) the cell (r, c) is empty when (r, c) <E Ri x d for i G [s] , 
(ii) for any row r G Ri, each point in X\ G; appears cither once or twice and the 

points in Gi do not appear, 
(iii) for any column c G C% , each point in X \ Gi appears exactly once. 
Denote this FGBTD by FGBTD(fc,T), where T = \\G L \ : i G [a]). 
Example 5.5. An FGBTD(3,6 6 ) is given m Fig. HO 



6. Recursive Constructions. In this section, we develop the necessary recur- 
sive constructions used. 

6.1. Recursive Constructions for GBTPs. First, for block size three, we 
have the following tripling construction for GBTDs. 

Proposition 6.1 (Tripling Construction). Suppose there exist a 3-*colorable 
RBIBD(m,3,l) and a DRTD(3,m). Then there exists a 2-* colorable GBTD\{i,m). 
Suppose further that the RBIBD(m,3,l) is 3-*colorable with property II. Then the 
GBTDi{i,m) is a special GBTDi(3,m). 

Proof. Consider a 3-*colorablc RBIBD(m,3, 1) (X, A) with colors from Z3 and 
let 

X' = {xi : x £ X and i £ Z3}. 

Make three copies of the 3-*colorable RBIBD(m, 3, 1) as follows: for the jth copy, j £ 
{1, 2, 3}, each block {x, y, z} of color i in the 3-*colorable RBIBD(m, 3, 1) is replaced 
by the block {x i+ j, yi+j, Zi + j}, where arithmetic in the subscripts is performed modulo 
three. Stacking these three y x m ^- arrays together gives an m x 1IL ^- array A with 
the property that 

(i) each point in X' appears exactly once in each column, 

(ii) each point in X' appears at most once in each row. 
Now take a DRTD(3,m) (X',g,A), where 

g = {{x t :xeX}:ie Z 3 }, 

and adjoin it to A. This gives an m x ^ array, which we claim is a GBTDi(3, m). 
Indeed it is easy to see that in this array, each point in X' appears exactly once 
in each column and either once or twice in each row. It remains to show that this 
array is a BIBD(3m, 3, 1). To see this, observe that any pair of points contained in 
a group of the DRTD(3,to) is contained in a block of one of the copies of the 3- 
*colorablc RBIBD(to, 3, 1). This GBTDi(3,m) is 2-*colorable by giving the blocks 
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from the DRTD(3,m) one color and the remaining blocks (from the three copies of 
the RBIBD(m,3, 1)) another color. 

If, in addition, the RBIBD(m, 3, 1) is 3-*colorable with property II, and that in 
row r of this RBLBD(to, 3, 1), the points x, y, z (not necessarily distinct) arc witnesses 
for colors 0, 1, 2, respectively, then we can always assume that the DRTD(3, to) used 
has the block {xq, 2/1,22} and that this block can be made to appear in row r, by 
permuting rows if necessary. The cell that contains {xq, y\, z 2 } is a special cell of the 
GBTDi(3,m). □ 

Corollary 6.2. Let m > 3 and suppose there exists an RBIBD(m,3,l) that 
is 3-*colorable with property II. Then there exists a special GBTDi(3,3 k m), for all 
k > 0. 

Proof. First note that m = 3 mod 6 since this is a necessary condition for the 
existence of an RBIBD(m, 3, 1). Hence, there exists a DRTD(3, m) by Corollary [5TTTJ 
By Proposition 16.11 there exists a 2-*colorable special GBTDi(3,m), which may be 
regarded as an RBIBD(3to, 3, 1) that is 3-*colorablc with property II. The corollary 
then follows by induction. D 

The following is a simple, but useful construction. 

Proposition 6.3. // there exists an IGBTP\(K,v,m x n;w,m' x n') and a 
GBTP x (K,w,m' x n'), then a GBTP x (K,v,m x n) exists. 

Proof. Let (X, A) be an IGBTP \(K , v , m x n;w,m' x n'). Fill in the empty 
subarray of this IGBTP with an a GBTP X (K, w,m' x n'), (X',A'). The resulting 
array is a GBTP A (.ftT, v, mxn), (X, A U A'). D 

FGBTD is a useful tool to construct larger GBTPs from smaller ones. 

PROPOSITION 6.4 (FGBTD Construction for GBTP). Let k e K. Suppose there 
exists anFGBTD(fc,T) (X,g,A), where Q = {G u G 2 , ■ ■ ■ , G s }, and let n = \Gi\/k 
andd = \Gi\/(k — 1), fori g [s]. If there exists an IGBTP\(K, \Gi\+w, (ri+m)x(c z + 
n); w,mx n) for all i £ [s], then there exists an IGBTPi(K, Ylj—i \Gt\ +w, (X)i=i r « + 
m) x (J2i=i c i + n);w,m x n). Furthermore, if a GBTPi(K,w,m x n) exists, then 
an GBTP X {K, J^Li l G *l + w > (E<=i n + m) x (£* =1 a + n)) exists. 

Proof. We use the notations as in the definition of FGBTD in Section 15.41 and 
assume that the blocks of the FGBTD(fc,T) arc arranged in an R x C array, with 
rows and columns indexed by [R] and [C], respectively. 

Let P and Q be two sets satisfying \P\ = to, \Q\ = n, P n [R] = 0, Q D [C] = 0. 

For each i £ [s], consider an IGBTPi(i4T, |G,-| + w, (n + to) x (a + n);w, m x n) 
(Xi,A)i where JQ — Gi U {001,002, ••■ ,oo w }, and whose rows and columns are 
indexed by P U Ri and Q U Ci, respectively. It can be verified that (X', A), where 

X' = X U {001, oo 2 , • • • , oo w }, 
A' = Au(Ui =1 Ai), 

isanIRP(EI = i|Gi| + iy,i!r,l). 

Arrange the blocks of (X 1 , A) into an (R + m!) x (C + n') array A, whose rows 
and columns are indexed by P U [R] and Q U [C] , respectively, such that each block 
in A that appears in cell (i,j) of either the FGBTD or the IGBTP, is placed in cell 
(M')of A. 

The definition conditions of an FGBTD ensures that no cells are occupied by 
two blocks. It is also easily checked that every point in X' appears exactly once in 
each column and cither once or twice in each row. In addition, the mxn subarray 
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indexed by P x Q is empty. This gives an IGBTPi(if , £)f =1 |Gj| + w, {J2Ui r i + m ) x 

(J2t=i c i + n )'-> w > m x n )- 

The last statement follows from Proposition 16.31 □ 

Since a GBTD is an instance of GBTP, we have the following recursive construc- 
tion to produce GBTDs. 

Corollary 6.5 (FGBTD Construction for GBTD). Suppose there exists an 
FGBTD(fc,T) (X,g,A), where Q = {G U G 2 , ■ ■ -,G S }, and let g { = \G l \/k, for i £ [s]. 
If there exists a special GBTDi(k, cji + 1) for all i £ [s], then there exists a special 

GBTD 1 (k,Y:Ui9i + 'i-)- 

When the groups are of the same size, we have the following corollary. 

Corollary 6.6. If there exists an FGBTD(3, (3</)') and a special GBTD!(3,5 + 
1), then there exists a special GBTD 1 (3,.gt+ 1). 



For Proposition 16.31 and Corollary 16.51 to be useful, we require large classes of 
FGBTDs. We give three recursive constructions for FGBTDs next. 

6.2. Recursive Constructions for FGBTDs. 

PROPOSITION 6.7 (Inflation). Suppose there exists an FGBTD(fc,T) and a 
DRTD(fc,n). Then there exists an FGBTD(fc, nT). 

Proof. Let (X, Q, A) be an FGBTD(fc, T) arranged in an R X C array A, with 
rows and columns indexed by [R] and [C], respectively. Define 

X' = X x [n], 
G' = {Gx [n] :GeG}, 

and for each block A £ A, let 

X A = Ax [n], 

Qa = {{x} x [n] : x £ A}. 

and let (Xa,Ga,13a) be a DRTD(fc,n) whose blocks are arranged in an n x n array 
with rows and columns both indexed by [n\. Let A' = UaeA^a and the blocks in A' 
can be arranged, as follows, in an Rn x Cn array, whose rows and columns are indexed 
by [R] x n and [C] x n, respectively: a block B £ Ba is placed in cell ((i,a),(j,b)) 
if A appears in cell (i,j) of the FGBTD(/c,T) and B appears in cell (a, b) of the 
DRTD(fc,n). Hence, (X',g',A') gives an FGBTD(/c, nT). Q 

Wilson's Fundamental Construction for GDDs [41] can also be modified to con- 
struct FGBTDs. Fig. 16.11 describes this construction. 

Proposition 6.8 (Fundamental Construction). Suppose there exists a (master) 
GDD (X, G,A) of type T and let w : X — S> Z>o be a weight function. If for each 
A £ A, there exists an (ingredient) FGBTD(/c, (w(a) : a £ A)), then there exists an 
FGBTD(k,(j: xeG w(x):G£g)). 

Proof. The Fundamental Construction in Fig. 16. II constructs the desired FGBTD 
from the master GDD and ingredient FGBTDs. □ 



Proposition 16.81 admits the following specialization. 

Proposition 6.9 (FGBTD from Truncated TD). Let s > 0. Suppose there exists 
a TD(k + s, m), and g±, g 2 , ■ ■ ■ ,g s o,re nonnegative integers at most m. If there exists 
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Input: (master) GDD V = (X, G,A); 
weight function w — ► Z> ; 
(ingredient) FGBTD(fc,T A ) V A = (X a ,Ga,Ba) for each A € A, where 

T A = (w(x) :x€A), 

X a - U xe A{{x} x [w(a)]), 

Ga = {{a;} x [w(x)] : x G A}, 
and the blocks in Ba are arranged in a -r X^ga w ( ;e ) x xry X^ga w ( :e ) array, 
whose rows and columns are indexed by U;cga({2:} x [w(x)/k]) and 
U;cga({2;} x [w(x)/(k — 1)]), respectively. 
Output: FGBTD(fc, (J2 xeG w(x) : G G G)) T>* = (X*,£*,.A*), where 

X* = u lG x({x} x [w(x)]), 

G* = {Uxea({x} x [w{x)]) -.GeG}, 

A* — Uag-A-Sa, and 
the blocks in A* are arranged in a i J] lgx to(a;) x r^-j- Y2 xex w i x ) array, 
whose rows and columns are indexed by U X £x({x} x [w(x)/k]) and 
l) xex ({x} x [w(x)/(k - 1)]), respectively, 

by placing a block B G Ba in cell (i, j) of 2?* if it appears in cell (i,j) of T>a- 
Note: By convention, for x G X, {x} x [io(x)] = if to(a;) = 0. 



Fig. 6.1. Fundamental Construction for FGBTDs 



an FGBTD(fc,g*) for each t € {k, k + 1, . . . ,k + s}, then there exists an FGBTD(fc, T), 
where T = (g ■ m) k (g ■ g 1 )(g ■ g 2 ) ■ ■ ■ (g ■ g s ). 

Proof. For each i G [s], delete m—gi points from the «th group of the TD(A:+s, m). 
This results in a {k, k+1, . . . , fc+s}-GDD of type m k g\g2 ■ ■ ■ g s - Use this as the master 
GDD and apply the fundamental construction with weight function w that assigns 
weight g to all points. D 

7. Direct Constructions. This section constructs some small GBTDs and FG- 
BTDs that are required to seed the recursive constructions given in the previous 
section. 

7.1. Direct Constructions for GBTDs. We enforce additional conditions to 
Definition 14. 1[ so as to construct the class of GBTDs required to seed the recursive 
methods. 

Definition 7.1 (Special and 3-* colorable Starter for GBTDi(3, m)). Let S = 
{A a : a G r} U {B t : t G T} be a (T x [3]) -GBTD- starter be as defined in Definition 
\4-l\ S is said to be special if 

(i) each element in Aq appears exactly once in R, where R is Definition ^. 1\ 
Furthermore, S is said to be 3-*colorable with property II if each of the blocks in 

{A a - a : a G T} and {B t : t G T}, 

can be colored with one of three colors so that 
(ii) blocks of the same color are pairwise disjoint, 

(Hi) for each color c, there exists a point (a witness for c) that is not contained in 
any block assigned color c. 

PROPOSITION 7.2. If there exists a special (T x [3])-GBTD-starter, then there 
exists a special GBTDi(3,m). Similarly, if there exists a 3-*colorable (T x [3])-GBTD- 
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starter with property IT, then there exists a 3-*colorable GBTDi(3,m) with property 

n. 

Proof. Let S = {A a : a £ T} U {B t : t £ T} be a special (T x [3])-GBTD-startcr. 
By Proposition ^. 2[ we then have a GBTDi (3, to) and condition (i) of l7.1l cnsurcs that 
the cell (0, 0) is special. 

On the other hand, let <S be a 3-*colorablc (T x [3])-GBTD-starter and let 

Ci be the color assigned to < 

\Bi, otherwise. 

For a, j3 £ T and t £ T, assign the block A a + j3 color c a and the block B t + /3 color 
cj. Then conditions (ii) and (hi) of Definition 17.11 ensure that the GBTDi(3,to) is 
3-*colorable with property II. D 

PROPOSITION 7.3. Let q=l mod 6. Then there exists a special (¥ q x [3])-GBTD 
starter that is 3-* colorable with property II. 

Proof. Let s = (q — l)/6 and w be a primitive element of F 9 . Consider 7 £ ¥ q 
that satisfies the following conditions (note that uj 2s has order three): 

(A) 7 ^{0,-l,- W 2s ,-^}; 

r cj 2is - w t+2 ^ 

(B) 7^ — ;i^'e 3,i£ [s-1] 

[ or — 1 

The existence of 7 is guaranteed since the cardinality of the union of sets in (A) and 
(B) is at most 4 + 6(s - 1) < 6s + 1 = q. 
Let 

V = {{u t+2 ^-^ s : j £ [3]}:t£Z s }. 

Wilson [40] showed that the blocks in T> are mutually disjoint and A2? = F 9 \ {0}. 
In addition, (A) and (B) ensure that for i j^ i' £ [3], 

u 2is 4- 'v 
„., 7 ^{0}U{w':t6 [s-1]}. 

w 2j's +7 ^ L J I L JJ 

By Dcfinition[01 {1, w 2s , w 4s } U {w} U {7} forms a (g, 3, l)-base set for a GBTD- 
starter. Hence a (F g x [3])-GBTD-starter exists. 

Define A to be {-7o/ _1+2 (.J~ 1 ) s : t £ [s], j £ [3]} and construct the following q + 
3.s = (3g - l)/2 blocks. For a £ F 9 , let 



^a 





' U w t-i+20-i)»N 


:J6[3]} 


ifa = -7^- 1+2 < l - 1 » 


= < 






where (£, i) G [s] x [3] 




-{(-^ 2(I - 1)S ) 1 


:i€[3])}, 


otherwise. 


[3], let 






% 


J) = {L-w- 


-l)« (>(*- 


■i)-+ 7 ))_:ie[3]} 



Let S = {A a : a £ FJ U {B (uj) : (t,j) £ [s] x [3]}. Then by the proof of 
Proposition EH S is an (F, x [3])-GBTD-starter. 

Next, observe that ^4o = {(0, i) : « £ [3]}. By Claim |4~T1 to establish condition (i) 
of Definition IT. H it suffices to show that 0i ^ A a — a for a £ A and i £ [3] . Suppose 
otherwise. Then there exists (£, j) £ Z s x [fc] and z £ [3] such that 

(««-!)* + 7 y+( i - 1 ) s = 0, 
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contradicting (A). 

Finally, we exhibit that <S is 3-*colorablc with property II by assigning the block 
Aq color A the blocks A a — a for a £ A and B t for t € T color 0? and the blocks 
A a — a for a G A color {>. Then this assignment satisfies condition (i) of Definition 
17.11 In addition, Oi is a witness for both ^? and <C> and a\ is a witness for A for some 
a^O, satisfying condition (ii) of Definition 17.11 D 

Corollary 7.4. Let q = 1 mod 6. Then a 3-*colorable GBTDi(3,to) with 
property II exists. 

Proof. This follows from Proposition 14.21 and Proposition 17.31 D 

Corollary 7.5. A special GBTDi(3,m) exists form G {1,17,29,35,47,53,55}, 
a 3-*colorable special GBTDi(3,m) with property II for m G {9,11,23} and a 3- 
* colorable RBIBD(15, 3,1) with property II. 

Proof. A special GBTDi(3, 1) exists trivially. On the other hand, a 3-*colorable 
special GBTDi(3, 9) with property n is given by Example 15. 4[ and a 3-*colorable 
RBIBD(15, 3, 1) with property n is given by Example 15.11 

For m G {11,17,23,29,35,47,53,55}, apply Proposition ET21 with special (Z TO x 
[3])-GBTD-starters and 3-*colorable special (Z m x [3])-GBTD-starters with property 
II given in [10 . D 

7.2. Direct Constructions for an IGBTPi ({2, 3*}, 2m + w, (m+(w -l)/2) x 
(2m + w — 4); w, (id — l)/2 x (w — 4)). As with GBTDs, we use a set of starters to 
construct GBTPs. To construct this starters, we need the notion of infinity elements. 

Given an abelian group T, we augment the point set with infinity elements, de- 
noted by ooi where i belongs to some index set /. The infinity elements are fixed 
under addition by elements in T. That is, oo.; + 7 = oo^ for 7 £ T. Let w be a 
positive integer and W w — {00^ : i G [w]}. So, given a block A CTU W w and 7 e T, 
A + -f = {a + j:aeA\ W w } U (A n W w ). 

We also extend the definition of difference lists. For a set system (r U W W ,S), 
then the difference list of S is given by the multiset 

AS = (x-y:x iy eA\W w ,x^y,AeS). 

Definition 7.6. Let m be an odd integer with m > 11 Let (Z m x Z2 U W„,,5) 6e 
a {2, 3}-uniform set system of size w — 3 + m, where 

S = {A t :ie [(w - 5)/2]} U {B, : * £ [(u> - l)/2]} U {d : i G Z m }. 

satisfying \A,\ = 2 for i e [(w - 5)/2], |B 4 | = 2 /or i G [(w - l)/2], \C \ = 3, and 
|C<| = 2 /or iGZ m \{0}. 

5 is called a ((Z m x Z2) U W u ,)-IGBTP-starter i/ i/ie following conditions hold: 
(1) A t S = Z,„xZ 2 \{0 o ,0i}, 
(ii) {j : Qj G A,} = Z 2 /or i G [(w - 5)/2] ; 
f»t; {Bf.ie [{w - l)/2]} U {C 3 : j G Z m } = (Z m x Z 2 ) U W w , 
(iv) \C Z C\W W \ <lfori£Z m , 
(v) each element in (Z m x Z 2 ) U W w appears either once or twice in the multiset 



( 



i? = {0 o ,0i}U 



U A i + °i 



i£[(iu-5)/2] 
. J6Z 2 
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w 


B 


B + Oi 


A 


C 


C + Oi 



where W is a (w — l)/2 x (w — 4) empty array, A is an m x (u> — 4) array, 



{0 ,0i} 

{lo,li} 

{(m - l)o, (m - l)i} 



i4i Ai + Oi A 2 A 2 + Oi 
Ai + lo Ai + li A 2 + lo A 2 + li 

Ai - lo Ai -li A2-I0A2- li 



A(u,_5)/2 A( ro _ 6 )/2 + Ol 
A( w _5)/2 + lo A( w _5)/2 + ll 



A( w _5)/2 — lo A( UI _ 6 )/2 — 1] 



B and C are the following (w — l)/2 x m and m x m arrays, 



B 1 B-, + I,, 

B2 B\ + lo 



Si - lo 
Si - lo 



S(uj_1)/2 B(to-l)/2 + lo ■ ■ ■ B(ixi-l)/2 — lo 



Co C m _i + lo ■ 


■ Ci- 


lo 


Ci Co + lo ■ 


■ C 2 - 


-lo 


C m -l C m _2 + lo ' 


■ Co- 


-lo 



Fig. 7.1. ^nIGBTPi({2,3*},2m + u;, (m+(iu-l)/2) x (2m + tu -4);tu, (u> - l)/2 x («i-4)) 
/rem a ((Z m X Z 2 ) U W w )-GBTP-starter. 



w 


B 


B + Oi 


B + 2 


B + O3 


A 


C 


D + Oi 


C + 2 


D + O3 


D 


C + Oi 


D + 2 


C + O3 



where W is a 4 x 5 empty array, A is a 2m x 5 array, 



{Oo,Oi} {x ,x 2 } {2/0,2/3} 

{lo.li} {(x + 1)0,^2} {(2/ + l)o, (2/ + 1)3} 

{(m-l)o,(m-l)i} {(a; -l)o,a;a} {(v - l)o, (y - l)s} 



A 

A + lo 



A + O2 

A+l 2 



A + (m - l)o A + (m - 1); 



{02,0 3 } {0:1,0:3} {2/1,2/2} 

{la.ls} {(ar + l)i,«s} {(y + l)i, (y + 1) 2 } 



A + Oi 
A + li 



A + 3 

A + I3 



{( m - l) 2 ,(m-l) 3 } {(a; -1)1,^3} {(2/ - l)i, (2/ - 1)2} A+(rn-l)i A+(m-l) 3 



B, C and D are the following 4 x m, m x m and m x m arrays respectively, 



Si Si + lo ■ 


■ Bi- 


-lo 


-B 2 _B 2 + lo ■ 


■ B 2 - 


-lo 


Bz S3 + lo ■ 


■ B s - 


-lo 


S4 S4 + lo ■ 


■ B 4 - 


-lo 



Co C m _i + lo ■ 


• Ci- 


-lo 


Cl Co + lo ' 


• c 2 - 


-lo 


C m _l Cm-2 + 1() ■ 


■ Co- 


-lo 



Do D m -i + lo • 


• Dx- 


-lo 


D x D + l ■ 


■ D 2 - 


-lo 


D m -i D m -2 + lo • 


■ D - 


-lo 



Fig. 7.2. ylnIGBTPi({2, 3*}, 4m + 9, (2m + 4) x (4m + 5); 9, 4 x 5) from a ((Z m xZ 4 )UWg)- 
GBTP- starter. 



2 r . 



Proposition 7.7. If there exists a ((Z TO x Z 2 ) U W w )-IGBTP-starter,then there 
exists an IGBTP 1 ({2, 3*}, 2m+w, (m+(u>-l)/2) x (2m+i«-4);w, (w-l)/2 x (iu-4)) . 
Proof. Let 

X = Z m x ZaUWu,, 

-4= {S + J : Se5 and j £ Z m x Z 2 }U{{i ,«i} : i £ Z m }. 

Then (X, Wo,,^) is an IRP(2m + w,K,l;w), whose blocks can be arranged in an 
(m + (w — l)/2) x (2m + w — 4) array as in Figure 17.21 We index the rows by 
[O - l)/2] U Z TO and the columns by [w - 4] U (Z m x Z 2 ). 

First, check that the cell (r,c) is empty for (r,c) £ [(«; — l)/2] x [«; — 4]. 

For j £ [w — 4] , the set of blocks occupying column j is Z TO x Z 2 by condition (ii) 
of Definition 17.61 For j £ Z m x Z 2 , first observe that the set of the blocks occupying 
the column Oo by condition (iii) of Definition 17.61 is (Z m x Z 2 ) U W w . Since the blocks 
of column j are translates (by j) of the blocks in column Oo, the union of the blocks 
in column j is also (Z m x Z 2 ) U W w . 

For i £ [(w — l)/2], each element in Z m x Z 2 appears exactly twice in row i 
by construction. For i £ Z m , let i?i denote the multiset containing all the points 
appearing in the blocks of row i. Then Rq = R and Ri = Rq + io, for all i £ Z m . 
Hence, it suffices each element in X appears either once or twice in R, which follows 
immediately from conditions (v) in Definition 17.61 D 

Definition 7.8. Let m be an odd integer with m > 11. Let ((Z m x Z 4 ) U Wq,S) 
be a {1, 2, ^-uniform set system of size 7 + 2m, where 

S = {x } U {y } UAU{B t :ie [4]} U {C t : i £ Z m } U {A : t S Z m }. 

satisfying \A\ = 2, \B t \ = 2 for i £ [4], |C | = 3, \C t \ =2 fori £ Z m \{0} and |A| = 2 
/or i £ Z m . 

5 is called a ((1i m x Z4) U Wg)-IGBTP-starter if the following conditions hold: 

(1) A5 = (Z m xZ 4 )\{Oo,0 ll 2 ,0 3 }, 
(ii) {j : aj € A} = {0,2}, 

(in) {Bi-.ie [(w - l)/2]} U {d : i £ Z m } U {A : i £ Z m } = (Z m x Z 4 ) U W 9 , 
(iv) \d n Wg\ < 1 and |A D W 9 | < 1 /or i £ Z m , 

(vj eac/i element in (Z m x Z4) U Wg appears either once or twice in the multisets 

Ro = {0 ,Oi,xo,X2,yo,y 3 } U AU A + 2 

U ( |J G* - ij I u I |J A - ii 

\ieZ m ,jG{0,2} / \jGZ m je{l,3} 

fi. = {0 2 , 3 ,xi,X3, 2/1,2/2} U ,4 + Oi U A + 3 

u( (J Q-*,-Ju( (J A- 

\tez m ,j'6{i,3} / \ l ez m je{o,2} 

PROPOSITION 7.9. 7/ i/iere exists a (Z m x Z 4 U W g )-IGBTP-starter, then there 
exists an IGBTP 1 ({2,3*},4m + 9,(2m + 4) x (4m + 5); 9, 4 x 5). 
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Proof. Let 

X = (Z m x Z 4 ) U Wg, 

A={S + j:SeS, \S\ ? 1, j G Z m x Z 2 } U {{i , ti} : i G Z m } U {{i 2 ,7 3 } : i € Z m } 
U {{(x + i) 0j (a; + i) 2 } : t G Z m } U {{(z + i)i, (» + i) 3 } : t G Z m } 
u {{(2/ + *)o, (» + 2)3} : i 6 Zm} U {{(zj + *)i, (y + 1)2} ■ i e Z m }. 

Then (X, Wg, .4) is an IRP(4m + 9, K, 1; 9), whose blocks can be arranged in a (2m + 
4) x (Am + 5) array as in Figure [77X1 We index the rows by [4] U (Z m x {o, •}) and 
the columns by [5] U (Z m x Z4). 

First, check that the cell (r,c) is empty for (r,c) G [4] x [5]. 

For j G [5] , the set of blocks occupying column j is Z m x Z4 by condition (ii) of 
Definition 17.81 For j G Z m x Z4, first observe that the set of the blocks occupying the 
column Oo by condition (iii) of Definition 17.81 is (Z m x Z4) U Wg. Since the blocks of 
column j arc translates (by j) of the blocks in column Oo, the union of the blocks in 
column j is also (Z m x Z4) U Wg. 

For i G [4] , each element in Z m x Z4 appears exactly twice in row i by construc- 
tion. For (i, *) G Z TO x {o, •}, let Ru,*) denote the multiset containing all the points 
appearing in the blocks of row (i, *). Then Rm,*) = R* and i?(^*) = R(o,*) + *0j f° r 
all i G Z m . Hence, it suffices each element in X appears either once or twice in i?*, 
which follows immediately from conditions (v) in Definition 17.81 D 



Corollary 7.10. An 7G5rPi({2,3*},2m + 9, (m + 4) x (2m + 5);9,4 x 5) 
exists for m G {s : 10 < s < 45} U {47,49, 53, 57, 77} \ {16, 20, 24, 28, 36,40,44}, 
and an IGBTPi({2, 3*}, 2m + 11, (m + 5) x (2m + 7); 11, 5 x 7) exists for m G 
{15,19,23,27,31,35,45,49}. 

Proof. The required ((Z m x Z 2 ) U W 9 )-IGBTP-startcr for m G {s : 11 < s < 
49, s odd} U {53, 57, 77} and ((Z m x Z 4 ) U W 9 )-IGBTP starter for m G {s : 5 < s < 
21, s odd} is given in [TU] and we apply Proposition 17. 71 and Proposition l7.9l to obtain 
the corresponding IGBTP. 

Similarly, to construct an IGBTPi({2, 3*}, 2m + 11, (m + 5) x (2m + 7); 11, 5 x 7) 
for 771 G {15, 19, 23, 27, 31, 35, 45, 49}, we apply Proposition O to (Z m x Z 2 U W n )- 
IGBTP starters listed in [TU]. 

It remains to construct an IGBTPi({2, 3*}, 33, 16 x 29; 9, 4 x 5). Consider ((Z 3 x 
Z§) U Wg,S), a {2, 3}-uniform set system of size 36, where S comprise the blocks 
below: 

Ai = {l 0j l 2 } A 2 = {1 1 ,1 5 } A 3 = {0 ,0 4 } A 4 = {1 3 ,1 6 } 

A = {0 3 ,0 5 } A 6 = {1 1 ,1 3 } A 7 = {U,1 7 } A 8 = {0i,0 6 } 

A, = {0 ,0 5 } A w = {0 2 ,0 i } A 11 = {U,l e } A 12 = {1 ,1 3 } 

^i3 = {0 2 ,0 5 } A 14 = {1 2 ,1 7 } Ai 5 = {0i,0 7 } A 16 = {1 5 ,1 7 } 

Ai7 = {0 2 ,0 6 } Ai 8 = {0 3 ,0 7 } Ai 9 = {li,U} A 20 = {1 ,1 6 } 

Bi = {0 ,0 1 } B 2 = {0 5 ,1 5 } B 3 = {11,24} B 4 = {0 7 ,1 3 } 

Co 1 = {lo, 2i,2 6 } C\ = {lo, 2i} C\ = {lo, 2i} 

Cl = {0 2 , 001} G\ = {0 4 , oo 2 } C% = {1 2 , ^ 3 } 

C* = {2 , TO4 } C? = {2 3 , oo 5 } Cl = {1 6 , oo 6 } 

C 4 = {2 7 , TO7 } C 4 = {2 2 , oo 8 } C 4 = {2 5 , ^ 9 }. 
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w 


B 


B + 0! 


B + 2 


B + 03 


B + 04 


B + Os 


B + 6 


B + 7 


A 


Ci 


C4 + O1 


c 3 + o 2 


c 2 + o 3 


C1 + 04 


C 4 + O5 


c 3 + o 6 


c 2 + o- 


c 2 


C1 + O1 


C4 + 02 


c 3 + o 3 


c 2 + o 4 


Ci + 0,5 


c 4 + o 6 


c 3 + 7 


c 3 


C2 + 01 


C1 + 02 


C4 + 3 


C3 + 04 


c 2 + o 5 


Ci+0 6 


C4 + 07 


c 4 


C 3 + 0! 


c 2 + o 2 


Ci + o 3 


C4 + 04 


c 3 + o 5 


c 2 + o 6 


Ci+0 7 



where W is a 4 x 5 empty array, A is a 12 x 5 array, 



A x 


A 2 


A 3 


A 4 


A 5 


Ai + 1,, 


A2 + I0 


A3 + I0 


A4 + I0 


A 5 + lo 


A-i + 2 


A 2 + 2 


A 3 + 2 


A 4 + 2 


A 5 + 2 


A 6 


A 7 


As 


A 9 


A10 


A 6 + lo 


A 7 + lo 


A 8 + l 


A 9 + l 


A10 + lo 


A fi + 2 


A 7 + 2 


A 8 + 2 


A 9 + 2 


An + 2 


An 


A u 


A13 


A14 


An 


An +1 


An + lo 


An, + lo 


A14 + lo 


An + lo 


An +2„ 


A-12 + 2 


An + 2 


^14 + 2 


A15 + 2 


Aie 


An 


Al 8 


A 19 


A 20 


Aie + lo 


An + 1 


Ai 8 + lo 


A 19 + 1 


A20 + lo 


Am + 2 


An + 2„ 


An + 2 


A19 + 2 


A 20 + 2 



B is a 4 x 3 array, 



Ci for i e [4] is a 3 x 3 array, 



Si 


B-l 


+ i 


B x 


+ 2 


s 2 


B-2 


+ i 


B 2 + 2 


-63 -B3 + lo 


B 3 + 2 


S4 B4 + 1 


Bi 


+ 2 


eg 


fit 

L 2 


+ i 


C\ 


+ 2 


c| 


eg 


+ io 


a 


+ 2 


ci 


el 


+ i 


ci 


+ 2 



Fig. 7.3. An IGBTPi({2, 3*}, 33, 16 x 29; 9, 4 x 5). 

Let 

X = (Z 3 xZ 8 )Uiy 

A = {S + j : S eSJ eZ 3 xZ 8 }. 

Then (X, W, A) is an IRP(33, {2, 3*}, 1; 9), whose blocks can be arranged in a 16 x 29 
array as in Figure 1731 It can be readily verified that this arrangement results in an 
IGBTPi({2,3*},33,16x 29;9,4x 5). D 

7.3. Direct Constructions for FGBTDs. 
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{2,7} 


{6,3} 


{7,1} 


{3,5} 


{5,6} 


{1,2} 


{2,3} 


{6,7} 






{3,0} 


{7,4} 


{0,2} 


{4,6} 


{5,7} 


{1,3} 


{3,4} 


{7,0} 






{4,1} 


{0,5} 


{1,6} 


{5,2} 


{6,0} 


{2,4} 


{4,5} 


{0,1} 







Fig. 7.4. An FGBTDi (2, 2 4 ) (X, Q, A), where X = Z$ and Q = {{i, 4 + i} : i 6 







{7,9} 


{2,4} 


{3,4} 


{8,9} 


{6,2} 


{1,7} 


{1,8} 


{6,3} 


{7,4} 


{2,9} 






{8,0} 


{3,5} 


{4,5} 


{9,0} 


{7,3} 


{2,8} 


{3,9} 


{8,4} 


{8,5} 


{3,0} 






{9,1} 


{4,6} 


{5,6} 


{0,1} 


{1,2} 


{6,7} 


{4,0} 


{9,5} 


{9,6} 


{4,1} 






{0,2} 


{5,7} 


{6,8} 


{1,3} 


{2,3} 


{7,8} 


{5,1} 


{0,6} 


{0,7} 


{5,2} 







Fig. 7.5. An FGBTDi(2, 2 5 ) (X,g,A), where X = Z 10 and Q = {{i, 5 + i} :ieZ 5 }. 



Lemma 7.11. There exists an FGBTD(2,2 l ) for t g {4,5}. 
Proof. The desired FGBTDs arc given in Fig. Eland Fig. EH D 

Definition 7.12. Let t be a positive integer, and let I = [t — 1] X [2]. Let 
(Z 3t x [2], S) be a 3-uniform set system of size 2(t — 1), where S = {Ai : i E I}. S is 
called a (Z34 x [2])-FGBTD-starter if the following conditions hold: 
(1) AijS = Zat \ {0, t, 2t} for i,j 6 [2], 
(ii) U iG 7i4 i = (Z 3 t\{0 J t > 2t})x [2],. 

(Hi) for j £ [2], each element in (Z t \ {0}) x [2] appears either once or twice in the 
multiset 



Rj = II Auj\ — i mod t, 



1=1 
(iv) r 6 {It \ {0}) x [2] for each r 6 R x U R 2 . 

PROPOSITION 7.13. If there exists a (Z 3t x [2],6 l )-FGBTD-starter, then there 
exists anFGBTD(3,6'). 
Proof. Let 

X = Z 3t x[2], 

g = {Gi = {u, (t + i)i, {2t + »)i,*2, (t + i)2, (2* + 1)2} ■■ i e z f }, 
A = {Ai +j:iel and j E Z 34 }. 

Then (X, <7,.4) is a {3}-GDD of type 6*, whose blocks can be arranged in a 2t x 3£ 
array, with rows and columns indexed by Z t x [2] and Z 3t , respectively, as follows: 
the block Au^ + k is placed in cell ((i + k, j), k). 

The set of blocks occupying column zero are {Ai : i £ 1} and by condition (ii) 
of Definition 17.121 {J ieI Ai = X\Gq. For other j 6 Z 3t , observe that the blocks 
occupying column j are translates (by j) of the blocks in column zero, and hence the 
union of the blocks in column j is X \ Gj/ , where j' = j mod t. 

For (i,j) € Z t x [2], let Ruj) denote the multiset containing all the points appear- 
ing in the blocks of row (i, j). Then Ruj) = R(o,j) +*> f° r a ^ * G Z t . Hence, it suffices 
to check that each element of X \ Go appears either once or twice in R(oj) and the 
elements of R(o,j) belong to X \ Go for j E [2]. This, however, follows immediately 



. (0j l. 
from conditions (iii) and (iv) in Definition 17. 12[ since R(q j) 

forje[2]. D 
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R J U(R J +t)U(R 1 + 2t) 



Corollary 7.14. There exist an FGBTD(3,6*) for all t G {5,6,7,8} ; an 
FGBTD(3, 24*) for all t G {5, 8} and an FGBTD(3, 30*) for all t G {5, 7}. 

Proof. An FGBTDi(3,6 6 ) is given by Example E33 An FGBTD(3,6*) for t G 
{5,7} exists by applying Proposition 17.131 with FGBTD-starters given in [TO] . 

The existence of an FGBTD(3, 24*), t G {5, 8} follows by applying Propositionl6~7l 
with an FGBTD(3, 6*) (constructed in this proof) and a DRTD(3, 4), whose existence 
is provided by Corollary EHJ The existence of an FGBTD(3, 30*), t G {5, 7} follows 
by applying Proposition 16. 71 similarly. 

To prove the existence of an FGBTD(3,6 8 ), consider (Z4 8 ,<S), a {3}-uniform set 
system of size 7, where S comprise the blocks below: 

^ = {2,3,5} 4 2 = {4,14,31} A 3 = {9,22,45} 

A± = {15, 34, 43} A 5 = {20, 35, 42} A 6 = {13, 17, 47} 

A 7 = {1,6,U}. 
Observe that S satisfies the following conditions: 
(i) AS = Z 48 \ {0, 8, 16, 24, 32, 40}, 
(ii) U ie[7] Ai mod 24 = Z 24 \ {0, 8, 16}, 
(hi) each element in Zi6 \ {0, 8} appears either once or twice in the multiset 

R = (J Ai - i mod 16, 

ie[7] 

(iv) r G Zie \ {0, 8} for each r G R. 
Further, let 

A = Z 48 

g = {{i + 8k:keZ 6 }: t G Z 8 }, 
A = {Ai + j : % G [7] and j G Z 48 }. 

Then (A, 5, A) is a {3}-GDD of type 6 8 , whose blocks can be arranged in a 16 x 24 
array, with rows and columns are indexed by Zi6 and Z24, respectively, as follows: 
the block Ai + j is placed in cell (i + j,j). This array can be verified to be an 
FGBTD(3,6 8 ). D 

8. Existence of GBTDs and GBTPs. In this section, we apply recursive 
constructions in Section |6] with small designs directly constructed in Section [7] to 
completely settle the existence of GBTDi(3,m) and GBTPi({2, 3*}; 2m + l,m x 
(2m -3)). 

8.1. Existence of GBTDi(3,m). 

Lemma 8.1. A special GBTDi(3,3 r <7) exists for all r > and q G Q, where 
Q = {l '■ 1 — 1 mod 6 is a prime power} U {5, 9, 11, 23}, except when (r, q) = (0, 5). 

Proof. Existence of a special GHTDi(3,q) for all q G Q\ {5} is provided by 
Corollary 17.41 and 17.51 These GBTDs are all 3-*colorable with property II. The 
lemma then follows by considering these GBTDs as RBIBDs and applying Corollary 

Ed d 



Lemma 8.2. Let s G [2] and suppose there exists a TD(5 + s,n). If < gi < n, 
i G [s] and that there exists a special GBTDi(3,m) for all m G {2n + 1} U {2gi + 1 : 
i G [s]}, then there exists a special GBTDi(3, lOrc +1 + 2 ^ i=1 gi)- 

Proof. By Corollary E+H there exists an FGBTD(3,6*) for all t G {5,6,7}. By 
Proposition ^. 9[ there exists an FGBTD(3, (6n) 5 (6.gi) • ■ ■ (6g s )). Now apply Corollary 

to obtain a special GBTDi(3, lOra + 1 + 2 j^Ui 5*)- n 
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Table 8.1 
Existence of special GBTDi(3,m) 



Authority 



Corollary 1731 9, 11, 17, 23, 29, 35, 47, 53, 55 

Lemma KT\ 7, 13, 15, 19, 21, 25, 27, 31, 33, 

37, 39, 43, 45, 49, 57, 61, 63, 67, 

69, 73, 75 
Corollary Eg] with (g,t) in {(8, 5), (5, 10), 41,51,65,71 
(8, 8), (7, 10)} 

Lemma 18.21 with n — 5, gi = 4 59 
LemmalO with n = 7, fli, g 2 G {0} U {t : 3 < t < 7} {s : 77 < s < 95, s odd} 

Table 8.2 
Existence of IGBTP 1 ({2, 3*}, 1m + 9, (m + 4) X (2m + 5); 4 X 5) 

Authority m 

Corollary 17151 {s : 10 < s < 57} \ {16,20,24, 

28, 32, 36, 40, 44, 48, 50, 52, 54, 55, 56} 
Lemma El with (n,g) G {(10, 0), (11, 0), 40,44,48,52,54,55,56 
(12,0), (13,0), (11, 10), (11, 11), (14,0)} 



Lemma 8.3. A special GBTDi(3, to) exists for odd to > 7. 

Proof. First, a special GBTDi(3,m) can be constructed for odd to, 7 < to < 95. 
Details are provided in Table 18.11 

We then prove the lemma by induction on to > 97. 

Let E = {t : t > 9} \ {10, 14, 15, 18, 20, 22, 26, 30, 34, 38, 46, 60}. By TheoremEU 
a TD(7,n) exists for any n G E. If there exists a special GBTDi(3,m') for odd to', 
7 < ml < In + 1, then apply Lemma 18.21 with 3 < g\,g% < n to obtain a special 
GBTDi(3,to) for odd m, lOn + 7 < m < 14n + 1. 

Hence, take n = 9 to obtain a special GBTDi(3,97). 

Suppose there exists a GBTDi(3, m!) for all odd ml < to. Then there exists 
n G S with lOn + 7 < to < 14n + 1. Suppose otherwise. Then there exists m G E 
such that 14ni + 1 < IO712 + 7 for all 112 > n\ and 77,2 G E 1 . This, together with the 
fact that n\ > 9, implies that 712 — ni > 3 for all ri2 G E and ri2 > n\. However, a 
quick check on E gives a contradiction. 

Since n E E and there exists a special GBTD 1 (3,?ti') for all to' < 2n + 1 < 
10n+7 < m (induction hypothesis), there exists a special GBTDi (3, to) and induction 
is complete. D 

Lemma 18.31 shows that a GBTDi(3,m) exists for all odd to 7^ 3,5. Theorem 
I2.3f v) now follows. 

8.2. Existence of GBTPi({2, 3*}; 2to + 1, m x (2m -3)). 

LEMMA 8.4. Suppose there exists a TD(5,n). If < g < n and that there exists 
an IGBTP 1 ({2,3*},2m + 9,(m + 4) x (2to + 5);9,4 x 5) form G {n,g}, then there 
exists an IGBTPx ({2, 3*}, 2M + 9, (M + 4) x (2M + 5); 9, 4 x 5), where M = 4n + g. 

Proof By Lemma ETU there exists an FGBTD(2,2*) for all t G {4,5}. By 
Proposition ^. 91 there exists an FGBTD(2, (2n) 4 (2g)). Now apply Proposition 16.41 to 
obtain an IGBTP!({2, 3*}, 2M + 9, (M + 4) x (2M + 5); 9, 4 x 5). Q 
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Lemma 8.5. There exists an IGBTP 1 ({2,3*},2m + 9, (m + 4) x (2m + 5);9,4x5) 
for any m > 10, except for m G {16, 20, 24, 28, 32, 36, 46, 50}. 

Proof. Let E = {16,20,24,28,32,36,46,50}. An IGBTPi({2, 3*}, 2m + 9, (m + 
4) x (2m + 5); 9, 4 x 5) can be constructed for 10 < m < 57 and m ^ E, except for m = 
51. Details are provided in Table [8~2l When m = 51, consider a TD(5, 11) and delete 
four points from a block to form a {4, 5}-GDD of type 10 4 11. Proposition ^. 8l vields an 
FGBTD(2, 20 4 22) and hence, Proposition El yields an IGBTPi({2, 3*}, 2m + 9, (m + 
4) x (2m + 5); 9, 4 x 5) with m = 51. 

We then prove the lemma by induction on m > 57. Let E' = {An + g : n G 
E,10 < g < 13} and assume the lemma is true for n < m. 

When m ^ E' , then write m = An + g with 13 < n < m, n ^ E and g G 
{10, 11, 12, 13}. Since a TD(5,n) which exists by Theorem 15.81 applying Lemma \8. 41 
with the corresponding n and g, we obtain the desired IGBTP. 

When m G £". we have two cases. 

• If m = 77, the required IGBTP is given by Corollary [7. 101 

• Otherwise, apply Lemma T8.4I with (n,g) taking values in {(15, 14), (15, 15), 
(19, 0), (18, 18), (19, 15), (23, 0), (19, 17), (22, 18), (22, 19), (27, 0), (22, 21), 
(25, 22), (25, 23), (31, 0), (25, 25), (29, 22), (29, 23), (35, 0), (29, 25), (31, 30), 
(31, 31), (39, 0), (33, 25), (39, 38), (39, 39), (49, 0), (40, 37), (42, 42), (43, 39), 
(43,40), (43,41)}. 

This completes the induction. D 

Lemma 8.6. A GBTP 1 ({2, 3*}, 2m + 1, m x (2m - 3)) exists for m > A, except 
possibly for m G {12, 13}. 

Proof. A GBTPi({2, 3*}; 2m + 1, m x (2m — 3)) can be found via computer search 
for 4 < m < 11. The GBTPs are listed in [TO]. 

For m G {20, 24, 28, 32, 36, 40, 50, 54}, set M = m - 5 and apply Proposition [B~3l 
with GBTPi({2,3*},11,5 x 7) and the IGBTPi({2,3*},2M + 11, (M + 5) x (2M + 
7); 11, 5 x 7) constructed in Corollary [7. 101 

Finally, for m > 14 and m t£ {20,24,28,32,36,40,50,54}, set M = m-A and 
apply Proposition E3] with GBTPj({2,3*},9,4 x 5) and the IGBTPi({2, 3*}, 2M + 
9, (M + 4) x (2M + 5); 9,4x5) constructed in Lemma l8~5l D 

Lemma EU shows that a GBTPi({2, 3*}, 2m + l,m x (2m - 3)) exists for all 
m > 4, except possibly for m G {12.13}. Theorem I2.3f ii) now follows. 

9. Conclusion. In this paper, we establish the first infinite families of equitable 
symbol weight codes, whose code lengths are greater than alphabet size and whose 
relative narrowband noise error-correcting capabilities tend to a positive constant as 
length grows. The construction method used is combinatorial and reveals interesting 
interplays equivalent combinatorial objects called generalized balanced tournament 
packings. These have enabled us to borrow ideas from combinatorial design theory 
to construct equitable symbol weight codes. In return, questions on equitable symbol 
weight codes offer new problems to combinatorial design theory. We expect this 
symbiosis to deepen. 
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